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Abstract

This supplement gives the assumptions, derivations, numerical procedures and source-bound
evidence supporting the accompanying FEVC article. Exact leave-out and centering identities
are distinguished from finite-probe approximations and experimental component inference. The
evidence includes failures, unavailable intervals and numerical sensitivity. The source notes and
original experimental receipts are preserved in the local replication archive.
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S1 Framework, notation and populations

This supplement develops the estimators and computational approximations used by Schmieder
(2026), the accompanying October 2026 article. Sections S2-S5 separate exact expectation identities,
randomized calculations and experimental sampling inference. Sections S6—S8 report evidence by
method and population. The replication records bind each experiment to its software source, inputs
and numerical settings.

S1.1 Model and notation guide

Following Kline et al. (2020, pp. 1861-1862, equation (1)), on the physically expanded retained
sample let

yi=alB4e, i=1,....n,  Sm=XX, B=S.'Xy 6, =p5ApB. (S1.1)

Here X has k linearly independent columns after fixed-effect normalization, and A; is a known
symmetric k X k target matrix. Set

P=XS X'\ M=1,-P, By=XSAS X' e=My. (S1.2)
For observation deletion define dy; = By ;;/M;; and the KSS leave-out kernel
Ct == Bt — %{dlag(dt)M + Mdlag(dt)}, Ct,ii =0. (813)

This is equation (8) of Kline et al. (2020, p. 1873); its off-diagonal entries are Cy;; = By ;5 — M;;(dy +
dij)/2. The uncentered leave-out estimate is y'Cyy. The subscript ¢ always identifies a target when
more than one target is under discussion.

Table S1.1: Notation and conditioning conventions

Symbol Meaning

i,n,k Physical observation, physical sample size, identified coefficient dimension.
w(i), (i) Worker and firm of physical observation i.

s, Ns, fs  Stored row, number of stored rows, positive integer frequency.

g,G,mg  Deletion block, number of blocks, physical block size.

t Component label: «, ¥, ai, or total T

b, R, T, Random direction, leverage-probe count, target-probe count.

X, Wy Stored-row design and diag(fs); X without a qualifier is physical.

as, K, Complete stored-row target mass and its centered mass matrix.

Z,~y Regression controls and their coefficients.

J,Np Block-indicator matrix and diag(m,).

D Fixed design, retained population, weights, deletion partition and loadings.

Y, C, Co Observed mean, fixed centering constant, genuinely nonrandom reference mean.

Expectations of statistical identities condition on D; when an exact identity needs only X,
this is a special case. Selection, weights or projection covariates constructed from outcomes
require their conditional mean-zero and dependence assumptions to be justified in the retained
population. Numerical expectations instead hold the complete observed dataset fixed and average
over independent computational directions. Neither conditioning on a fitted offset nor treating



an observed mean as fixed makes it nonrandom under repeated sampling. Spectral eigenvectors
1/2

and eigenvalues refer to the KSS decomposition of Sz AtS’x_xl 2; @ is reserved for an orthonormal

spectral eigenvector matrix and D for its eigenvalue matrix.

S1.2 Frequency compression and target mass

A stored row s represents f; physical copies with equal recorded outcome and regressors. With

n=3"0 f, and Wy = diag(f,),
S = XWX X'y=X'W X, = WX, §.=w? S1.4
zx sWids, Yy sW s, s f sy Ys fYs ( . )

This is an algebraic compression of recorded rows. Statistical independence is an assumption about
physical error units, not something created by duplicating a stored value. Observation deletion
removes one physical copy; deleting a stored row instead removes all its copies. Whole-match
deletion removes every copy in the declared match.

Let as > 0 be the complete target mass of row s, ps = as/ >, ay, and K, = diag(p) — pp’. Each
physical copy receives mass as/fs. Without targetweight(), as = fs. Specifying target mass
changes the estimand, without changing S, or the regression fit. Write the stored-row design
as [Xworker Xfirm Zs) and let Xo = [Xyorker 0 0] and Xy = [0 Xgm 0]. In identified coefficient
coordinates,

A = X K, Xa, Ay = XK, Xy, (S1.5)
Aaw = %(X&Kan + X{pKaXa), Ar = A, + Aw + 2Aa¢.

The covariance target contains the factor 1/2; the total contains twice that covariance. Controls
have zero target rows and columns. These centered targets are invariant to admissible location
normalizations.

S1.3 Controls and Frisch—Waugh—Lovell reduction

For joint controls, write X = [Xpg Z], where Xpg = [Xworker Xfirm)- If Z'Z is nonsingular, the
two-way coeflicient block solves

XppMzXppd = XppMgy,  Mz=1-2(2'2)"'Z. (S1.6)

The target matrices have zero control rows and columns, but the block projection P, still uses the
full joint design. Consequently, deleting a block changes the control coefficient and the two-way
coeflicients together. This is the general KSS linear-model cross-fit: the coefficient estimated without
g is a function only of observations outside g.

Under fixed-offset controls, the full model is estimated once and the command forms y* = y — Z7.
The subsequent design is Xyg, not [Xpg Z]. Equation (S2.5) then describes deletion from the
two-way fit to y* while holding Z7 fixed. This is why joint and fixed-offset controls can give
different finite-sample corrections even when they share the same full-sample fitted values. If 5
was estimated on that same full sample, y* at and outside g contains a random quantity influenced
by g. Equation (S2.10) does not then follow from block independence alone. Same-sample fixed
offset is therefore an approximation requiring a separate justification. The scalable component
implementation and its omitted nuisance uncertainty are described in section S5.



S1.4 Retained population

The match-deletion sample is constructed from complete cases for the requested outcome, identifiers,
controls, and weights. The command selects a largest connected component and repeatedly removes
workers with only one retained deletion unit, worker articulation vertices, and deletion blocks whose
removal disconnects the graph. Default pair-defined matches count firms; explicit deletionid()
counts declared blocks, including parallel blocks within one worker—firm coordinate. These remain
separate edges. The sample is recomputed until these restrictions stop changing it. A largest
component is chosen by number of firms, then physical observation mass; a tie on both criteria
withholds a result.

Worker-articulation pruning is stronger than requiring connectedness after each match deletion.
For example, suppose worker w is observed at firms A, B, C, D, worker u at A, B, and worker v at
C, D. Removing w disconnects the network, although deleting any single worker—firm match leaves
it connected.

Initial mover/stayer eligibility is frozen from complete-case histories. Observation deletion
and default matches count estimation firms; explicit match deletion IDs count declared units.
Thus a worker at one estimation firm with two declared blocks can enter the mover graph. If
retained after graph and rank checks, the worker’s blocks receive whole-block deletion under either
stayers() choice. Multiple blocks do not guarantee final retention. With stayers(both), the
command adds original one-unit stayers attached to retained mover firms if they have at least
two physical observations. Their rows enter the regression jointly with movers, but their deletion
units are individual physical observations. Workers made into stayers by pruning are excluded.
Under stayers(movers), the population consists only of the retained movers. Target weights are
normalized on the resulting sample, and the full regression design must satisfy the deleted-rank
conditions in Section S2.1.

Structured match component inference uses the same retained population and mixed deletion
partition: mover units and individual physical stayer observations. It assumes independence across
all these units while allowing dependence within mover units. Its variance model has separate
coefficients for the two unit types, fitted jointly on the combined design (Section S5). Estimated
controls are held fixed in this calculation. Observation-deletion inference instead uses individual
physical observations throughout its requested mover /stayer population.

S2 Exact leave-out estimation and centering

This section states expectation identities for exact inverse actions. They do not establish unbiasedness
of a finite-probe randomized calculation or coverage of an interval. The three command conventions
are None (the uncentered KSS proxy), Mean (subtract the retained physical-observation mean from
its outcome factor), and Corrected (remove that mean-induced bias). Mean is the current default.
Corrected is a point-estimation option; the covariance identities below are mathematical results, not
additional public projection or component-inference capabilities.



S2.1 Deletion blocks and identification

For the deletion identities, let X and y denote the expanded physical design and outcome, and
X, ys the stored rows. The full-sample compression in (S1.4) gives

X'X = XWX, X'y = X Wyys, (S2.1)
with target mass as/fs per physical copy. The deletion unit must also be specified: deleting one
weighted stored row removes all fs copies. In the block formulas below, X, v, therefore contain

physical rows. A weighted block is interchangeable only when the deletion removes every copy of its
stored rows, as in whole-match deletion. Work in any identified coordinate system for which
See = X'X (S2.2)
is nonsingular. Partition rows into deletion blocks g, write X, and y, for a block, and define
Py=XyS; X, Myg=I-P, (S2.3)

T

Let Siz,—g = Saz — X ;Xg and let B_g be the least-squares coefficient after deleting block g.
Provided S, 4 is nonsingular, the standard block-deletion identity gives

Yg — ng—g = Mgl(yg - XQB) (52.4)
= M, e, (52.5)

The determinant lemma also gives
det(Sze,—g) = det(Sy,) det(M,). (52.6)

Thus the deleted coefficient problem is identified if and only if the block residual maker is nonsingular
in the identified coordinate representation.

S2.2 Why the block correction removes plug-in bias

Suppose
y=XB+e, Bl |D)=0, Eleh|D)=0 (g#h), (s2.7)
while the covariance matrix {2, inside a block is unrestricted. For a symmetric target A = Ay, let
Big = XySy, AS, X, (S2.8)
The conditional expectation of the plug-in quadratic form is
E(5'AB | D) = B'AB + ) tx(Brgfy). (52.9)
g
Because B_g depends only on errors outside block g, (S2.7) implies
E{ygBt.q(vg — XgB—y) | D} = tr(Bi48Yy). (52.10)
Summing (52.10) and using (S2.5) yields
ba = y,BigM, e, (S2.11)
g

Combining this correction with (52.9) gives
E(65SS | D) = B/ AB. (S2.12)

This fixed-design result requires conditional mean zero, cross-block uncorrelatedness, and deleted-
sample identification. The selection of blocks determines which error covariances enter the correction.



S2.3 Observation-deletion setup
For this subsection r; = e;/M;; = y; — 3323,1', Bi; = By for a fixed target A = A, and y = n 1Yy

The errors have finite second moments and are uncorrelated across observations. The uncentered

proxy y;r; has expectation o2.

S2.4 Centering and an exact correction
S2.4.1 The bias introduced by the sample mean

Define the centered leave-out variance estimate
51'2,0 = (yi — y)ri- (S2.13)

The superscript 2 denotes the variance being estimated: neither this estimate nor its KSS counterpart
is necessarily nonnegative. To collect the observations, write

P=XS X'\ M=1I,-P,  di=1-P;>0,  Ag=diag(d;), e=My. (S2.14)

Here e; = d;r; is the ordinary OLS residual. Bold symbols o and 6’2 collect the true and centered
estimated error variances.

Since E[r; | D] = 0, the bias from subtracting y is its covariance with the leave-out residual:

E[G7. | D] = 0} = — Cov(y,7i | D) Z M;jo2. (S2.15)

The bias can have either sign. It is zero under homoskedasticity when X spans a constant, because
M1 = 0. The factor 1/n alone does not establish that it is negligible: small d; can magnify it.
Multiplying by d; and collecting observations gives the useful identity

E[Ao52 | D] = (AO _ ]‘j) o2, (S2.16)

This identity does not require an intercept.

S2.4.2 TUnbiasedness and existence

Proposition S2.1 (Exact centered correction). Suppose d; > 0 for every i and n —k > 2. The
system

(Ao - AZ) 2= Nyo? (S2.17)

has a unique solution with E[6? | D] = o?. Consequently,

— oy ZBZ;? (S2.18)

1s unbiased for 0. The system is singular when n — k = 1.



Proof. The matrix A Y2y Ay 12 4 positive semidefinite, has unit diagonal, trace n, and rank n — k.
If the rank is at least two, its largest eigenvalue is strictly below n. Therefore

—1/2 3 p A —1/2
A81/2 (AO _ ]7\14) Aal/Q =1, — % - 0. (52.19)

At rank one, its only positive eigenvalue is n, making the system singular. In the nonsingular case,
taking expectations in (S2.17) and using (S2.16) proves unbiasedness of the corrected variances.
Equation (S2.9) then proves the component result. O

The correction uses only a known design matrix and observed centered variance estimates. It
does not require a preliminary estimate of the unknown variances. Existence does not guarantee
good conditioning: an eigenvalue close to the singular boundary can amplify numerical error and
sampling noise. A singular full system also need not rule out correction of a particular scalar target.

If Xby = 1, both factors in (S2.13) are invariant to y > y + c1, and so is 2. The complete
component estimate is invariant when Aby = 0, as for appropriately centered fixed-effect variance
components. Other quadratic targets can change with the outcome level; their unbiasedness still
holds.

As in KSS’s Remark 1, the same corrected variances estimate the covariance matrix of OLS
coefficients:

VBl =5t (Z xix;&i?) S L. (S2.20)

For any fixed ¢, ¢/ V[B]E is unbiased for Var(¢' ] | D). Thus one corrected vector serves all quadratic
components and linear-contrast variances. These expectation results do not imply positive semidefi-
niteness, minimum mean squared error (MSE), or valid small-sample normal-Wald inference. Nor
do KSS’s asymptotic inference results automatically apply to the modified estimator.

S2.4.3 One additional weighted regression

A stronger leverage condition gives a convenient computation:

ndi

nd; > 1 for every i, T = T = diag(m;). (S2.21)

Regress the centered variance estimates on the original design with these weights, and add a scaled
residual from this auxiliary regression:

7= (X'TX)'X'Te2. (S2.22)

~92 ]~
Gi,c - Ly

ndl—l '

9 _ 2
o] =0t

(S2.23)

These are computational weights, not frequency counts. The dependent variable is the centered
variance estimate, rather than the original outcome.

To verify the formula, write 62 = T2 — (T — I,,)X7. The weighted normal equations imply
X'6?% = S;.7, hence P62 = X7. Multiplication of (S2.23) by nd; — 1 then gives (nAg—1I,,+ P)a? =
nAga?, which is (S2.17). No independence between the auxiliary fit and the original fit is needed.



Conditional on the original residuals and leverages, the extra work is one weighted regression and
linear passes over the observations. It requires no new leverage diagonal or separate correction fit
for each target. The condition nd; > 1 permits this positive-weight implementation; it is stronger
than the existence condition in Proposition S2.1. When it fails, the symmetric system (S2.17) can
still be solved if n — k > 2.

S2.5 Worker—firm matches

Partition the n physical observations into G disjoint matches of sizes mg, with 3°, mg = n. Errors
may be arbitrarily correlated within matches but are uncorrelated across matches. Suppose every
regressor is constant within a match:

1’gyg 1ng919

= x84 ng, 02 = Var(n, | D) =

X, =1, Y, =
g g% g g mg mg

(S2.24)

Here (), is the within-match error covariance matrix. Worker and firm indicators meet the constant-
regressor condition. The original OLS fit is the weighted regression of match averages Y, on x4,
with weights my.

Let X, collect the rows :r’g, and define
Np = diag(my), See = X.NpXe, Py=N’XS; X!NHY? M,=Ig—P,  (52.25)

The match leverage complement is dy = (My)gg = 1 — mgaz’gS;xla:g, with d4 > 0 required for
leave-match-out identification. Write A, = diag(d,). Retain the physical-observation mean and

form ~
_ 1 Y, — 23 . R )
y = ﬁ ngYQ’ Tg = gdig — )/g — {E;B_g, U;,C — (}/g — y)rg‘ (8226)
g g

In this section, 74 is the scalar held-out residual for the match average and 03 is its error variance.

The symmetric counterpart of (S2.16) is

N1/2MwN1/2
E[NpA.G52 | D] = (Ac — B "B | Npo? (S2.27)
n

Indeed E[Yyr, | D] = 03, and Cov(y,r, | D) = ¥, mpos(1{g = h} — mhw;S;IIxh)/(ndg). Thus the
match correction is obtained by replacing the left side of (S2.27) by its observed value and solving
for Ngo 2.

Proposition S2.2 (One weighted match regression). If ndy > my for every match, define

-1

nd . R

Ty = %, Ve = ng’rgl‘gl‘lg ngTgxg(mga;c). (S2.28)
ndg — my 5 .

Then the corrected estimate

~2 /=~
MgOy . — TgTe

2.2
ndg —myg (52:29)

2

. . o7 . . /\2 .
is unbiased for oy. The auziliary regression has dependent variable mgoy . and weight mgyTg.



Proof. Put T, = diag(ry) and t = Npa 2. The formula gives t = T.Ng&? — (T, — Ig)XAe. The
normal equations imply X/ Npt = Syz7.. Multiplying (S2.29) by mgy(ndy — my), collecting matches,
and substituting the normal equations gives

(nA, — Np)t + NpX.S; ) X' Npt = nNpA.62.

Since Ng /2M Nl/2 = Np — NpX.S,. X !Np, this is the system in (S2.27). Its unique solution is
unbiased by that expectation 1dent1ty. Positive weights ensure nonsingularity, as also follows from
the rank argument below. O

With every dg; > 0, the match correction exists if and only if G — k > 2. To see this, normalize

its symmetric matrix by A, /2 on both sides. The subtracted matrix
I, .- 1/2 1/2 A
A, V2N M, N 2AS (52.30)

is positive semidefinite, has rank G — k, and has trace Zg mg/n = 1. The eigenvalue argument

in Proposition S2.1 applies. The condition concerns residual degrees of freedom across matches;

repeated observations within a match do not add independent match-level information. For a

connected worker—firm graph without other regressors, G — k is the number of independent cycles.

Again, nd, > my is a stronger condition for positive regression weights, not the existence condition.
The corrected match variances enter the targets with squared counts:

— b 2 _ . o-1g0-1
= Op1 Z m ngag, Bgg = 23S, ASyp g,

= ng E'S;x Tq) 03. (S2.31)
g

For equal match sizes m, n = m(G, and the calculation reduces to the observation formula applied

to match averages with sample size G. For unequal sizes, replacing n by G is incorrect. The mean,

dependent variable, regression weights, and target weights must retain their counts.

Time-varying controls invalidate the constant-regressor assumption. Partialling them out once
does not make the residualized rows constant within matches. Deleting a whole worker history
while retaining that worker’s unrestricted effect also violates deleted-design identification; that case
requires a different identified parameterization or transformation.

S2.6 Arbitrary correlated deletion blocks

The match calculation in Section S2.5 uses constant regressors within deletion units. This section
allows regressors to vary within units and recovers the full covariance blocks. Using both orientations
of the centered product reduces the unresolved bias to one scalar per block. A directional leverage
condition then permits one additional regression with rank-one block weight adjustments.

S2.6.1 Block notation and the source of bias

Partition the n physical observations into G disjoint deletion units Zg, of sizes myg, so >, my = n.
Let 1, denote the mgy-vector of ones. Retain the original X, S;;, P, M, but replace the diagonal
covariance assumption by

Q2 = Var(e | D) = blockdiag(£21,...,Q¢q). (S2.32)

10



Errors in different deletion units are uncorrelated; within each unit €}, is arbitrary and finite.
Independence across units is sufficient but not necessary for the expectation calculations. All
regressors, including any controls, belong to X. Assume every X_, has full column rank. Then

Ay =My =1I,, — Py =0,  Ip=blockdiag(d,), R =25 M. (S2.33)

For comgleteness7 the full and deleted normal equations imply 3 — B_g =S1X ;rg, where r, =
Yg — XgB—g. Thus (My)y = ry — Pyyry = Ayry, proving r = Ry. In particular, Ryy = I, and
RX = 0. For a square matrix B, write sym(B) = (B 4+ B’)/2. Let z = y — y1 and define

ﬁg/l = Sym(zgr;)’ ug = leg, u = (Ull, ey ’LL/G), (8234)

Here u, is a vector of covariance row sums, not a vector of marginal variances. Since 01 = u,

¢y 1= Cov(ry,§ | D) = ~(Ru)y, B[ | D] = 0, — sym(1,¢)). (82.35)

1
n
Thus only n nuisance quantities are needed to remove the centering bias, even though the blocks
together can contain many more covariance entries.

S2.6.2 Use both product orientations to isolate the bias

The useful simplification is to use the two orientations of the centered product before discarding
their difference. Define
tg — vy

tg = 2g(1yrg), vg = 1rg(1324), & = — kg = 1ycg. (S2.36)
g

The vectors tg, vq,E, are observed; k4 is unknown. These within-block calculations do not change
the center in the KSS proxy: it remains z = y — 41 throughout. From E[z,ry] = Q4 — 1,¢],
K
Elty] = ug — 14Ky, Elvg] = ug — mycy, E[&g) = ¢g — m—glg. (S2.37)
g
We suppress conditioning on X in this subsection to lighten notation. Also 1;] ¢ = 0 identically.
Thus , already estimates the within-block contrast part of the centering bias without bias. Let

OO0 = OM 4 sym(1,€)). (S2.38)
Equations (S2.35) and (S2.37) give
E[OM0] = 0, — %191’9, OMO1, = t,. (52.39)
9

The second identity follows from ng\/[lg = (tg +vy)/2 and my&y =ty — vy. Only one scalar bias per
block remains.

Let J be the n x G matrix of block indicators: column g is one on Z,; and zero elsewhere. Write
Np = J'J = diag(my), and stack t4, &, ¢g into ¢, &, c. Define the positive directional residual leverage
and the G-dimensional system

1/A,1
ag =229 >, (S2.40)
Mg
K = ndiag(ag) — J'MJ, b= JMt—nJ P5E. (S2.41)

All entries of K depend only on the design and deletion units.

11



Proposition S2.3 (Exact general-block correction). If K is invertible, set

R=Kb, Y e Y 01,1, (52.42)
my g

Then B[R | D] = &, E[¢, | D] = ¢, and E[Q, | D] = Q,. If X contains an intercept, all these
observed statistics are invariant to a common shift of the outcomes.

Proof. In stacked notation, (S2.37) says E[t] = u — Jx and E[¢] = ¢ — JN5'k. Equation (S2.35)
implies nZpc = Mwu. Therefore

E[b] = J'M(u— Jk) — nJ' Pp(c — JNg k) (S2.43)
= {nJ' 9pJNgz' — J'MJ}r = Kk. (S2.44)

Applying the fixed inverse proves the first assertion. The other expectation claims follow from
(S2.37) and (S2.39). With an intercept, R1 = 0, so both z and r are unchanged by y — y + d1.
Every subsequent statistic is a fixed function of these quantities. Only finite second moments are
required because all estimators displayed here are fixed quadratic forms in y. ]

For a contrast, put s = XS /. For a quadratic component with symmetric fixed A, put
B, = X S, .LAS, 1X’ Then

Ve =3~ {(s20) () + (1) () } (52.45)

g
0=FAB - {2 By, +1,Byc,} (52.46)
g

are unbiased for Var (¢’ B | D) and 3’AB. These contractions avoid forming the covariance matrices.
The same ¢ serves every target. The whole component estimator is shift invariant when Abg = 0,
where Xby = 1; its covariance correction is shift invariant regardless. Unbiasedness does not imply
positive semidefiniteness, minimum variance, or finite sampling variance under only second-moment
assumptions.

S2.6.3 Invertibility
Let T = ndiag(ay) > 0. The normalized system is
—1/2 pr—1/2 _ —1/2 o ~1/2
T VPT P = 1 — TR T (S2.47)

The subtracted matrix is positive semidefinite, has rank rank(M J), and has trace

2t

g

(J’MJ 1,A1,

Z A (52.48)

nag g n

It has at least one positive eigenvalue because every a, > 0. If its rank is one, that eigenvalue is
exactly one. If its rank is at least two, each positive eigenvalue is strictly less than one. Hence

K=0 < rank(MJ)>2.| (S2.49)
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Equivalently rank([X J]) —k > 2: adding deletion-unit indicators to the design must create at least
two additional independent directions. This is the exact condition for the full correction, not a
numerical leverage cutoff. Nearly collinear residualized block indicators can still make the inverse
poorly conditioned.

Using only v, instead would give the valid moment equation E[v] = (I — blockdiag(mg,I)R/n)u.
That simpler-looking inverse can be singular even when (52.49) holds. The difference of the two
orientations retains information that this single moment discards. The present construction is
therefore preferable for general deletion units.

S2.6.4 One additional regression with rank-one block weights

Define 6, = nay — my. If every 64 > 0, set

1,1/
Wy = I, + ggg, W = blockdiag (W), (S2.50)
* 1/ A9€9 *
py =ty — 1gng, qy = Lty —nl AL, (S2.51)

The vector p* is an auxiliary dependent variable. Fit it on the original full design using the block
weights W:

5 — (Xg1g)"7

7= (X'WX)"' X'Wp*, Ry = 5,

(S2.52)

This is one extra regression shared by all targets. The weights equal one on within-block contrasts
and nag/(nag — mg) on the normalized block-mean direction. It retains time-varying regressors
inside blocks.

Here is a direct proof of equivalence to (S2.41). Put F' = X'J, A = diag(d,) and ¢* = (g;),-
Then

K=A+FSF,  b=q —FS X't (S2.53)
X'WX = Spe+ FATLF, X'Wp* = X't + FAY¢". (S2.54)

The regression equation and recovery formula imply S,,7 = X't + F&. Substituting this identity
into AR = ¢* — F'% yields K& = b. Because A = 0, K = 0 and the solution is unique. No stochastic
independence between this auxiliary fit and the original estimate is needed.

This construction is cheap to apply after the exact leave-block quantities are available. The only
required extra local design vector is Ag1gy; it supplies both a, and 1;Ag§g. With that vector cached,
forming t,v, &, p*, ¢* and applying W cost O(n). In particular,

Wovg = vg + 14(130,) /0. (S2.55)

There is no need to store dense new weight matrices or factor a new matrix for each deletion
unit. Matrix products with X’W X use multiplication by X, group sums, and multiplication by
X'. Obtaining Ay1, may still be costly if the original implementation does not expose exact block
leverage information; that cost is not removed by the algebra. A new regression factorization
or preconditioner may also be needed. This is not merely a new right-hand side for the original
factorization.
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If p = maxy;mg/(nag) < 1, then I < W < (1 — p)~'I, and consequently S,, < X'WX <
(1 — p)~1S,e. This gives a useful preconditioning bound when the directional leverage condition is
comfortably satisfied.

If a 9, is zero or negative, the positive-weight formula should not be used. This is a failure of
that convenient implementation, not of (S2.49). When the rank condition holds, solve the positive
definite system (S2.47) instead. For a G-vector v,

Kv = Av+ F'S; Fo. (S2.56)

Thus every matrix application requires group aggregation and one application of the original
regression solve. No dense n x n or G x G matrix is required. Iteration counts depend on
conditioning, so this route need not cost only one fit. An intercept-only design with block sizes
(2,1,1) illustrates the distinction: one d4 is zero, but rank(M.J) = 2 and the correction is well
defined.

S2.6.5 Singular systems and the boundary of the result

Full recovery requires rank(MJ) > 2, even when n — k > 2. For a particular target set wy =
1By 41,/mg. If KX = w has a solution, the scalar correction }-, tr(Bt,g(AZg/[’o) + A'b is unbiased for
the plug-in bias, where ng\’/l,o denotes the preliminary block proxy in (S2.38). This follows from
Eb = Kx and symmetry of K. It is a target-specific mathematical identity, not a claim that the
command implements a generalized-inverse fallback. When regressors are constant within every
match, residualized block indicators span the collapsed residual space, so the rank condition becomes
G — k > 2. With varying controls within matches one must use the full block formulas; the scalar
match shortcut is not justified by matching worker and firm IDs.

S3 Randomized computation and numerical uncertainty

This section conditions on the complete observed data and randomizes only computational directions.
fevc uses the normalized stochastic leverage approximation and finite-probe adjustment of Kline
et al. (2021) (October 2026 revision), building on the JLA method in Kline et al. (2020). We
summarize the derivation and describe its implementation with controls, deletion blocks and
frequency weights, followed by randomized centering and numerical MCSE. The adjustment removes
a leading ratio-expansion term; finite-probe JLA remains an approximation to exact leave-out.

S3.1 Normalized leverage estimates and finite-probe adjustment

First take an exact orthogonal projector P and M = I — P. For a fixed row i let h = Py,
m=M;; =1—h,and s; = Ej P%MZQ] For independent Rademacher directions ¢, b=1,..., R, put
D N m
—_— m=—-—".
p+m p+m
(S3.1)
The same direction enters U, and V. Define empirical raw moments a = R~ Ub2, bo =Ry, Vb27
and ¢y = R71Y", UyVp. These are fourth moments of projected directions, not squared estimated

Up= (Pg)?, Vo=(Mg)? p=R'> Uy, m=R'> WV, h=
b b
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leverages. The implemented leading bias and variance are

b; = {fma — hby + (M — h)ea} /R, (S3.2)
0y = {m?a + h2by — 2hincy}/R. (S3.3)

The raw moments are not divided by further powers of p 4+ m.

For fixed vectors u, v, independence and qJQ- =1 imply

E[(v'q)*(v'q)?] = (v'u)(v'v) + 2(u'v)? — 2 Z u?v? (S3.4)

The three pairings count the all-equal coordinate three times, whereas its fourth moment is one;
subtracting twice its contribution proves the formula. Using P? = P, M? = M and PM = 0 gives

REUZ = h? + 4h®m — 2s;, EVi2 = m? 4+ 4hm? — 2s;, EU,V, = hm — 2s;. (S3.5)
Write ag =p — h, bp = m —m, dy = ag + bp and L = hbg — mag. The exact ratio identity is

Ld?
14+do’

2

m—m =L — Ldy + —Ldy = mad + (m — h)agbo — hb3. (S3.6)

Since (Pqy)i + (Mqp)i = qpi, their squared values sum to at least 1/2, so 1+ dy > 1/2. The moment
formulas give REa% = 4h’m — 2s;, RIEb(Q) = 4hm? — 2s; and REagbg = —2s;. Hence, at a fixed exact
design as R — oo,

Em —m = 4(h —m)s;/R + O(R™2), (S3.7)
Var(m) = 2{2h*m?* — (m — h)?s;} /R + O(R™?).

Substituting the empirical raw moments and normalized shares into the leading bias and variance
expressions gives (S3.2)—(53.3); see also Kline et al. (2021, pp. 2-6).

S3.2 Inverse adjustment, controls and blocks

Without separately handled controls the adjusted scalar deleted residual is
Z?dj = ¢ F;, F; = m ! —i-/l;ﬂ/‘r\li2 — @'T/T\lig. (838)

Expanding the reciprocal around the true residual share shows why the leading bias enters with a
plus sign and the leading variance with a minus sign. This expansion requires separation from a zero
inverse denominator. The bound p + m > 1/2 does not imply m > 0 on every draw. True identified
deletion does not guarantee that every finite sketch has a usable inverse, nor does withholding an
unusable sketch imply unbiasedness conditional on acceptance. No uniform approximation near the
deletion boundary is asserted. Solver error is another approximation, outside this expansion.

At the pinned implementation, generic JLA certifies control rank using within-worker—firm-cell
scatter and directly factored deleted scatter. This is a sufficient computational screen, not a
necessary identification condition. For example, in the complete three-worker/three-firm grid with
two observations per cell, the control z,; = wj has zero within-cell scatter although the full design
and every match-deleted design have rank six. The screen can return UNVERIFIED_DELETION_RANK
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for this identified design, including under fixed-offset control treatment. The exact route instead
checks the relevant deleted design matrices.

For exact low-dimensional control geometry, write Py for the fixed-effects projection, Uy =
(I —Py)Z,and Sy = UZUZ on identified control columns. Then P = Py + UZS_IUZ Sketch Py and
I'— Py in (S3.1); if cZ = (UzS,'Ul)u, replace the inverse denominator in (S3.8) by £; = m; — c?.

Keep the same bl,vl Thus F; = (; 1 +b£ 2 —vil; 3,

In a stored, frequency-transformed match, let v, have entries /fs/Fy, = D seq s, and let
ITz 4, be the exact control-projection block. Put

Ky=(I-1lz4— ?Lgvgv;)_l, ag = Kgey', wg= Kgvg, ty= U;ag, kg = U;wg. (S3.9)
The implemented block adjustment is

22U = ag + (by — Tghg)wyty. (S3.10)

Here Eg is the leading bias of the residual share, so its negative is the leverage bias. Differentiating
the inverse with respect to leverage gives da,/0h = wyt, and 0%a,/0h? = 2ksw,t,, proving the
signs and factor in (S3.10). The full differential used for MCSE is

dzg = wyty{(1 + 2bgky — 30,k2)dhy + dby — kgdiy}. (3.11)

For observations the analogous differential is dF; = (— E_ — 2b E_ + 304, )dml +4; de -l 3dv;.
The derivatives of both moment corrections are included, holding the probe count fixed. These
scalar and block formulas do not replace the rank checks.

S3.3 Physical directions and target contractions

Frequency compression must reproduce directions on physical copies. Here Py is the FE-only
projector; exact residualized-control geometry is added separately as in section S3.2. If Sy =
255:1 Qsab, & projected value is common across copies, but residual projected directions are ggqp —
(Pogp)s- Their second and fourth moments must retain the physical-copy sums. Averaging nonlinear
inverse adjustments across the copies is distinct from applying an inverse adjustment to averaged
moments. For whole matches, contract the physical direction as Fg_l/ 2 > seg Ssp and the fitted

direction as Fg_1/2 Y seq fs(Pogy)s before forming match moments.

For target mass as; and AL =), as, an independent target direction is ds = (s — (as/A+) Y, Cv
with (s = \/as/(fsA+)Ss. Then Edd' = K,. The full-model target prediction columns are

Pa = XS, X! d, Py = XS5, Xyd. (S3.12)

The inverse includes the joint controls, even though the target loadings have zero control columns.
These are predictions from the complete target solutions, not isolated worker or firm coefficient
blocks. For observation deletion the three target corrections from one direction are

Zfsy* 2i(p2 DY PasPy,s) s (S3.13)

where y! is the working outcome with the requested centering. The frequency representation in
this expression denotes the average of the copy-specific adjustment where required. For matches,
set Ao,y = Dseq [sYsPa,s and similarly Ay 4. The coefficient column multiplying the frequency-
transformed adjusted residual at stored row s is v/fs(Aa,gPa,ss Av,gDu.ss (Aa,gPip,s + Ay gPa,s)/2)'
Whole deletion units are contracted before numerical covariance outer products.
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S3.4 Randomized Corrected centering

The following map defines the increment at the documentation source, in physical coordinates. For
each leverage pool P (full, first half, second half) form the normalized FE leverage shares from that
pool only. For an observation put A p=1- hl P Z. for a match put A p=1-1l7,— h 7731)9
in the equivalent frequency- transformed coordlnates of (S3.9). Map back to physical copies for
the formulas below. Use rgp = A~ . peg, without applying the scalar finite-probe adjustment again.
With z =y — y1, form t,p and £, p by (52.36) using this pool’s residual. Let .@va be the block
diagonal of its local makers and define

dgp = 1,7, ply/my, (S3.14)
Kp = ndiag(a,») — J' MJ, (S3.15)

bp = J' Mtp —nJ' D pép, (S3.16)
Cop =E&gp + 19(167_91573)9/7”9' (S3.17)

Here the global M = I — XS} X' uses ordinary model solves, not a second sketch of its full matrix.
The local makers and their inverses are randomized; control geometry and frequencies are held fixed.
Stored-row implementations evaluate the physical sums using frequency weights; an observation
unit is one physical copy, whereas a match unit contains all its copies. Eligible stayer observations
remain separate units.

For the original independent target pool, let Bt,gg be its average target outer product: Pa,gpla,g
for worker variance, pwgp;b’ p for firm variance, and the symmetrized cross product for covariance,
using (S3.12). The signed change to the point estimate from one leverage pool is

Apy=—> 1By 44y p. (S3.18)
g9

The opposite sign is added to the estimated plug-in bias before subtracting that bias. This fixes the
sign convention relative to Mean. The same target pool is used for all three maps. Corrected JLA
uses

AJLA,t _ 2AR,t . %(AR/Z,l,t + AR/2,2,t)7 §Corrected JLA é\i\dean,JLA + AJLA,t~ (8319)

The public calculation requires an even R > 4 and splits logical leverage indices into equal halves.
Each pool must pass the local maker, auxiliary-system and complete-equation residual checks; failure
of a half is not handled by dropping it. Writing 5977; = nagp — My, the weighted solve handles units
with 5977) > 0.1na, p directly. It handles at most 64 remaining units through a separately checked
positive-definite Schur system; exceeding that resource limit withholds the calculation. Thus a
nonpositive auxiliary weight is not by itself the full acceptance rule. These are numerical support
conditions, not the exact rank equivalences of section S2 applied to a sketch.

The split calculation cancels a leading R~' term when a regular expansion exists. It does not
establish that expansion near singular local or global makers, make Corrected JLA exactly unbiased,
or supply an unbiasedness claim conditional on all three pools passing. Solver error remains separate.
The exact centering theorems in section S2 therefore do not extend to arbitrary finite probe counts.

S3.5 Numerical covariance from all point-estimation probes

This calculation holds all observed inputs fixed, including the outcome, retained sample, weights,
and deterministic preparation. Its randomness comes only from the point-estimation probes. Write
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= (‘70“ YA/w, CA’aw)’ for the three primitive corrected components. Let S denote the entire leverage
sketch and 7 the independent target sketch. Whenever the unfiltered randomized calculation is
defined and has finite second moments, the law of total covariance gives

Syc = Eg{Covr(8 | S)} + Covg{Es(6 | S)}. (S3.20)

The conditional target-probe diagnostic estimates COVT(é\ | S) at the realized S. The all-probe
diagnostic also estimates the leverage contribution using a local linearization.

More precisely, let Uy collect sufficient-statistic contributions from leverage direction b, 1 =
RSB Uy, and z = hp(@) be the adjusted deleted-residual vector. The function hp includes the
implemented finite-projection adjustment, with R held fixed when differentiating. Target direction
b supplies a linear operator Ly, so its correction is ¢, = Lpz and = éplugin —c. For T, > 2 target
directions, the conditional covariance estimate is

Ty
Srs = Tp(Ti—D ;(cb — ey — 7). (53.21)

Split the target directions into two disjoint folds A, B by their logical indices, and let L4, Lp
be their separate means. With Jg = Ohg(u)/Ou’|,_z, define ¢! = —LaJg(U, — 1) and ¢ =
—LpJr(Uy — u). Center each set of scores over leverage directions to obtain ap, dy. For R > 2, the

raw estimate is
R

iMC,raw = iT\S —l— Z abdb + dbab (83.22)
b:1
Independent target folds avoid counting their interaction with leverage randomization twice. Each
score sums all deletion units before taking cross-products, including both movers and stayers when
requested. Replay uses the original leverage directions, not new independent draws. The public
probe count sets R = T}, = probes().

For an affine hg with fixed derivative, the cross-fold construction is unbiased for the complete-
run covariance under independent stages and finite moments. The actual deletion adjustment is
nonlinear, so (S3.22) is a local approximation. Calibration can deteriorate near singular deletion or
at small probe counts. It does not estimate finite-probe bias, solver error, or sampling uncertainty,
and does not by itself justify numerical confidence intervals about exact KSS.

The four-component covariance is obtained by applying the linear map whose rows are (1,0,0),
(0,1,0), (0,0,1), and (1,1,2) to the primitive covariance. In particular, the MCSE of the total
includes cross-component covariances; marginal MCSEs cannot simply be added. The public matrices
e(mcse_cov_raw) and e(mcse_cov) contain the raw and usable four-by-four numerical covariances.
A materially negative eigenvalue or a failed derivative or replay calculation withholds usable MCSEs
while preserving valid point output and any computed raw covariance. A tolerance-level adjustment
of negative eigenvalues is recorded separately. Neither numerical covariance is posted as sampling
e(V).

For an affine hp(u) = ho+ Jru, conditional expectation over the independent target folds replaces
their cross-product by the product of population target operators. The sample covariance of the
leverage directions is unbiased for their one-direction covariance; division by R gives the covariance
of their mean. The conditional target term already includes target—leverage interaction, so using
an independent-fold cross-product in the leverage term counts that interaction once. This proof
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requires finite moments and a deterministic derivative. Substituting a derivative at the observed
sketch makes the implemented calculation a local approximation.

For Corrected JLA, the reported MCSE is Mean’s MCSE using the same probes. It excludes the
variance of the added centering increment and its covariance with the Mean estimate. It is therefore
neither a complete MCSE for Corrected nor guaranteed conservative; the omitted uncertainty need
not be negligible.

S4 Fixed-effect projections

S4.1 Projection covariance by deletion block

Let R, collect the projection covariates, including the intercept, let W), contain their positive
projection weights, and let E 3 select the worker or firm effect attached to each projection row. The
population projection and its loading matrix are

m=LB,  L'=(RW,R,) 'RW,E, (S4.1)

provided R;WpRp is nonsingular. The projection rows may use stored observations with their
corresponding frequency or target weights. Set S = XS L, with block rows S, and row i equal to
¢ For stored rows the corresponding loading is ¢, = /.S .! L. Independence across deletion blocks
and the exclusion of block g from B,g imply

E{yg(yg - ngfg)/ | D} = Q. (S4.2)

Set zy = y, for centering(none) or z, = y, — yl, for the default centering(mean), where
Y= s [sys/ D¢ [s is the retained working-outcome mean. Target and projection weights do not
enter this mean. The symmetric proxy is

Qg = 3248, 4+ Cg—g20). (S4.3)
Substitution gives

Ve =Y 50,5, =L'S;} <Z X;Qng> STIL. (S4.4)
g g

For one-observation blocks this reduces to z;€; _;¢;¢;. Mean centering leaves the fit, deleted residuals,
and loadings unchanged, but estimating y can invalidate (S4.2) under heteroskedasticity. More
explicitly, for ¢, = Cov(€g,—g,y | D),

E(VMe | D) — Ve = =Y S, sym(14c))S,. (S4.5)
g

This follows by contracting the centered block-product identity in (S2.35). For a reported contrast,
variance consistency must control this discrepancy as well as covariance-estimation variability.
Corrected centering is not implemented for projections. Under fixed-offset controls, centering follows
subtraction of the fitted control contribution.

The implementation evaluates (S4.4) without expanding positive integer frequencies. For a mover
match g, define

ag =Y fslszs, by =Y [slsEs g, (54.6)

sE€g se€g
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where ¢, is the stored-row loading. Its covariance contribution is %(agb’g + bgay,). An eligible stayer
row contributes fszs€s —slsl5. Here —s means deletion of one physical copy, not the entire stored
row. To make the distinction explicit, let hy = 2.5 1z, and &, = y, — x’.3 on stored rows. The two

S~
residuals are . R
~ €s ~ €s
€s,—one copy — ﬁa €s,—all copies — 1_ f he’ (847)
S S'vs

whenever the respective deleted designs remain identified. Observation deletion uses the first residual
[s times. A declared match uses the full block residual M 1?59. Thus the compressed covariance
statistics preserve both the weights and the requested deletion rule.

The full-sample residual covariance replaces (Alg in (S4.4) by €g€’g, retaining the same blocks and
loadings. It uses full-sample residuals without the leave-out noise correction. It is a residual-based
comparison, not a regression treating the estimated firm effects as error-free observations. Its
standard errors need not always be smaller than the KSS standard errors.

Symmetrization does not ensure a positive-semidefinite covariance estimate. fevc rejects a
projection request with a nonpositive estimated variance or a materially indefinite covariance.
A small adjustment near zero is permitted within the numerical tolerance and reported in the
diagnostics. For a contrast ¢'r, the estimation error is 5, ¢'Spey. Normal intervals require a limit
approximation for this sum and consistent estimation of its variance, beyond the finite-sample
covariance identity above.

S4.2 Normalization and supported routes

If R, includes an intercept, a location renormalization of the selected fixed effects changes that
intercept and leaves the nonconstant projection slopes unchanged. Specify the fixed-effect normal-
ization when reporting the intercept. Changing projection weights changes the projection estimand
and loadings; it does not redefine the working-outcome mean.

The default projection route is exact Mata, limited by exact_limit (). The sparse route requires
explicit backend (rust), rng(counter_v1) and algorithm(jla). Set the preconditioner explicitly
to diagonal or cmg. The engine must be generic: an explicit engine(generic), engine(auto) or
an omitted engine is admitted, while an automatic preconditioner is not. Both support observation
or match deletion, joint controls and the requested mover/stayer partition. Mean and None are
supported; Corrected is unavailable. Projection coefficients do not change with outcome centering,
but their leave-out covariance does. The four-component numerical MCSE does not quantify
uncertainty in projection covariance.

S5 Experimental component inference

The calculations in this section are opt-in and experimental. Current Mean inference holds the
observed retained mean fixed inside the variance and reference-distribution calculations. This
approximation omits terms derived below. None uses the uncentered working outcome. Corrected
component inference is unavailable. A fixed estimated control offset introduces a separate omission;
neither approximation is justified merely by a large sample or few controls. Point estimation remains
the default and posts no sampling e (V).

The first formulas use None, or a genuinely fixed outcome origin. For Mean, replace the
outcome in its point/influence contractions as specified later in this section; keep residuals and noise
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probes uncentered. KSS develop inference for leave-out quadratic forms under both diffuse and
concentrated spectra. The calculations below combine their reference distributions with practical
variance estimators. The structured variance fit does not implement KSS’s unrestricted sample-split
variance products (Kline et al., 2020, sections 5 and 7).

Products of ordinary leave-out error-variance estimates are generally biased. Sections 5.2 and 6.2
of Kline et al. (2020) use independent split-sample predictions for these products, with conservative
adjustments where that construction is unavailable. In the first-differenced two-period worker—firm
model, identification after any two deletions suffices for the two predictions to exist; identification
after any three deletions suffices to avoid the remaining conservative variance-product substitutions.
fevc instead uses fitted error variances, so those conservative-coverage results do not by themselves
justify its intervals.

Sections S5.1-S5.4 give the None/fixed-origin construction. Sections S5.5-S5.11 revisit its kernels
to distinguish a fixed center from the observed mean and derive the omitted terms. Sections S5.12—
S5.13 give supported requests and examples; Section S6 reports evidence separately by procedure
and population.

S5.1 Independent units for movers and stayers

After holding the control offset fixed, let y = y; — 2/7. The two-way regressor z, is constant within
a declared match. With frequency masses f;, define

Dicg JiVi /
FQ :Zflu y; = g ) x;: ngg- (851)
i€g \ Fg

For the mover population these sufficient rows preserve the two-way normal equations: >, fiz;x; =
g ac;x;' and ); fiziy; = >, xgyg. Deleting one collapsed row deletes the entire original match.
The collapse is exact for a given offset. Target mass still defines A; separately from regression mass.

For the pooled population, let Gys index retained mover deletion units and Zg index retained
physical stayer observations. A mover has multiple original deletion units, possibly at a common
worker—firm coordinate; a stayer has one. Original stayers enter only if they have at least two
physical observations at a retained mover firm. Sample pruning does not reclassify a mover as a
stayer. Stack the transformed rows as

(2, 9°) = (VFgzg, Ziegfi?/f/\/ﬁg), a=gegy, S
xanya,) - * i ( 52)
(w3, 97), a=1¢€Ig.

Each frequency copy of a stayer row is a separate physical observation. The combined X!X,.
and Xy, equal the physical-sample normal equations. All four A; use the pooled target weights,
including between-group differences in mean effects. The calculation is one pooled decomposition,
not an average of two group decompositions.

For a known correct offset, let u, contain the stored-row averages of the physical errors within
each frequency group, with covariance I'y and frequency vector f;. The scalar error has variance

72 = Var(fyug/\[Fy) = fi0q 1o/ Fy. (85.3)

No restriction on covariance inside g is needed for this identity. Independence across declared
matches is needed for the scalar inference model. Frequency mass does not create additional
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independent matches, and the independence assumption also applies to distinct matches of the same

worker. For pooled inference, 72 = o2

a — Y1
stayer observation is assumed mutually independent. Thus arbitrary within-mover-unit dependence

is allowed, whereas serial correlation among a stayer’s observations is excluded. Unequal variances

on a physical stayer row. Every mover aggregate and every

are allowed subject to the structured model below.

When controls are estimated on the same sample, however,
Yy = xif +ui + zi(y — 7)- (S5.4)

The last term depends on outcomes across matches. Its induced covariance is absent from (S5.3).
Conditioning on the fitted offset does not automatically restore mean zero or independence. fevc
makes no joint-nuisance, delta-method, or second-stage correction here.

S5.2 The structured variance calculation

Use X, and y, for the independent-unit design and outcome in (S5.2), or its mover-only restriction,
and write Sy = X' X, P = XS !X, M =1 — P, and B; = X.S;,} A;S;,} X!. For exact inverse

x xr
actions, the corrected quadratic form has symmetric zero-diagonal kernel

Ct = Bt - %{dlag(dt)M + Mdlag(dt)}7 dta = Bt,aa/Maa- (855)

The sparse JLA implementation approximates the required diagonal and inverse actions and reports
numerical diagnostics separately.

Let y. = E(y. | D) and V = diag(72). With independent units and suitable finite moments, the
exact-kernel covariance is

Cov(by, 0, | D) = 4(Cypae)'V (Copre) + 2tx(VCV Cy). (S5.6)

Zero diagonal removes the own-error square terms. fevc substitutes realized influences Cyy. and a
fitted positive variance vector V', using the corresponding minus-trace adjustment,

Qus = 4(Chye)' V(Caye) — 2tr(VCLV Cy). (S5.7)

The minus sign removes quadratic noise already present in the realized influences. It is not a claim
that the population trace term is negative. The trace term is computed from common Gaussian
draws () = 171/2§(b), €0 ~ N(0,I). The sample covariance of the three scalars 20,2 estimates
2 tr(\A/CtXA/C’S). Sharing a draw across targets estimates the off-diagonal covariances as well as the
variances. fevc streams these scalar moments without storing a unit-by-probe matrix.

Let T append the row (1,1,2) to the 3 x 3 identity. The posted four-component covariance is
T , so its null direction is (—1, —1,—2,1)". This singularity is required by the adding-up identity.
By contrast, a nonpositive primitive variance or a materially negative eigenvalue of the primitive
covariance withholds the joint covariance, not necessarily every individual interval. The structured
calculation allows only a roundoff-scale correction, bounded by 10~% times the largest absolute
primitive diagonal. Such a covariance failure concerns the realized variance estimate; it is distinct
from failure to solve the regression equations or accurately recover a mode.

The structured model uses a common residual-moment fit across targets. For match deletion,
residuals use the transformed outcome and fixed-effects projection above: aggregate mover outcomes
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first, then square residuals; stayer observations remain separate. For observation deletion, use
the individual outcome and the full-model projection, including jointly estimated controls. Write
e = My in the appropriate independent-unit representation. Let Z, contain the selected outcome-
free variance predictors and suppose the variance vector is Z,n. Then, with o denoting elementwise
multiplication,

E[Z (coe) | D] = Kn, K =Z,(MoM)Z, (S5.8)

Identifying the variance coefficients requires K to be nonsingular. It is the Gram matrix of
M diag(z;) M, where z; is column j of Z,, under the Frobenius inner product. Thus no nonzero
coefficient vector 0 may satisfy M diag(Z,0)M = 0; full column rank of Z, alone is insufficient. This
identification condition is distinct from the numerical rank checks and consistency requirements
for the fitted variances. The residual-moment adjustment matters because squared fitted residuals
mix the variances of different units. Regressing them directly on Z, generally does not undo that
mixing. The raw leave-out products used for point correction and ql recentering are unchanged.

For pooled match inference, the variance design has separate mover and stayer coefficient blocks.
Within each type, transform leverage and the three primitive target diagonals to normalized
midranks 2(rank — 1/2)/n¢ype — 1, assigning equal ranks to ties. Movers also use regression mass.
structured_common includes an intercept, linear terms, squares and pairwise interactions: 21
candidate columns for movers and 15 for stayers. structured_leverage has an intercept, leverage
rank and its square for each type. These are different variance specifications, not data-selected
alternatives.

The implementation fits the mover and stayer variance coefficients in one stacked residual-moment
system. In the supported fixed-offset match geometry, the exact residual maker and Gram separate
by type: stayer firm indicators lie in the span of stayer worker indicators. The finite-probe Gram
can have nonzero cross-type entries from simulation noise. The common fitted variance vector enters
one pooled component-covariance calculation, whose target and effect loadings can couple the two
populations. Joint-control observation designs need not have this residual separation.

Before ranking pooled leverage and target-diagonal features, the calculation rounds each nonzero
feature vector to the binary grid 211082 maxa [val]=40 \with half ties away from zero. This outcome-free
convention preserves design ties across solver roundoff. For fixed-offset stayers, the firm and worker—
firm covariance diagonal features are structural zeros, because a stayer outcome shock is absorbed
by that worker’s effect; these features are set to zero before ranking. Regression-mass ranks are
exact. Deterministic, outcome-free removal of redundant columns preserves the original model span
to a scaled reconstruction tolerance of 1072, It is not model selection or a ridge fallback. Each
type must supply at least five independent units per active term; the fit applies the 1071 scaled
rank tolerance.

Mover-only Rust match inference uses the 21-column candidate basis on its single type. Structured
observation inference uses the joint-control projection and 15 candidate columns; its leverage-only
alternative has three. These single-population native bases use normalized midranks directly. The
explicit structured Mata match route uses the rounded-feature convention.

Rust approximates the small matrix K without constructing M. For numerical draws &, ~ N(0, I),
put a, = Z,[(M¢&,) o (M&,)] and @ = R;' Y, a,. The Gaussian quadratic-form identity gives

Rg
K = 1Varg(a,), K= 2(RG1_1) > (ar —a)(ar —a)'. (55.9)

r=1
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The implementation forms M¢, = &, — P&, using projection solves that meet the residual tolerance,
streams the centered covariance, and solves K N = Z!(eoe). This direct residual calculation can be
compared with a subtractive representation that removes a term using approximate leverages; that
subtraction could make the estimated Gram matrix indefinite. There is no ridge, eigenvalue clipping,
exact-matrix fallback or automatic probe increase. Rank and inverse-residual checks still apply.

Exact structured Mata evaluates the same Gram using coefficient-space contractions. With
H = S} and z, denoting column a of Z,,

Koy =Y (1= 2P;)ziaz + tr{H X/, diag(zq) X.H X/ diag(z) X} (S5.10)

)

This follows by expanding (I — P) o (I — P); it forms no observation-square matrix. Exact refers to
the design solves and Gram. Both backends still use common Gaussian draws for covariance traces
and simulation for ql critical values, subject to the same structured-model interpretation.

For Rust the default is R = 2,048, controlled by inferencegramprobes(). Accepted integers
range from 512 to 2,147,483,647, subject to count limits and the selected memory policy. An
explicit budget warns by default; only memorycheck (error) rejects an over-budget forecast. Actual
allocation failures remain errors, and the inference memory bounds remain conservative. Values
below 2,048 trade precision for speed and are not recommended for reported inference. This budget
is separate from the default 200 JLA point probes, 1,000 covariance probes and critical-value
simulations. Changing it does not change the other numerical streams. The finite-probe inverse and
estimated variance predictors do not inherit an exact-K unbiasedness claim.

Predictions below 1078 mediang[ez /(1 — Pyg)] are raised to that floor, using the available leverage
estimates. A nonpositive residual scale, an entirely floored fit, inadequate support or a failed
numerical accuracy check withholds inference. The resulting positive vector defines V. Diagnostics
report the Gram probe count, conditioning, residual checks and positivity adjustments; there are
no cross-validation penalties or folds in this fitter. Flooring is a safeguard, not evidence that the
variance specification is adequate. Neither the residual-moment adjustment nor agreement with the
leverage-only sensitivity model detects variance drivers omitted from both models or implements
KSS’s unrestricted independent sample splitting.

S5.3 High rank and one dominant mode

KSS distinguish diffuse spectral sequences from sequences with finitely many important modes. For
target ¢, let Aja; = A1 Szza1, a}Szza1 = 1, and v1 = Xcay. Order the generalized eigenvalues by
absolute magnitude. The leading spectral share and the leading share within the remainder are,

respectively,
M A3

YA s A

The second denominator excludes the leading mode: a small full-spectrum remainder can still be
concentrated. These are properties of B;, whose nonzero eigenvalues equal those of Sgc_;,;1 / 2At ;xl / 2;

(S5.11)

they do not use error-variance weights. The largest unit weight max, v?, measures concentration of
the leading eigenvector across independent units.

The reported numerical diagnostics replace Y- ; A3 = tr(B7) by T; = max{tr(B7), A2 + A2}, They
are A2/T, and A2/(T, — A2). A trace estimate more than six of its own numerical standard errors
below the two-mode sum withholds the diagnostic. These standard errors concern the spectral-trace
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calculation. Thus these finite-probe ratios, and their averages in the calibration results, differ from
exact spectral shares. The command also reports the largest influence share,

~2 2
maXCL{Ta gta}
/\2 2 )
Za Ta gta
using its numerical influence estimates and positive fitted unit variances. For Mean, use the centered

influence defined in (S5.25) and the mixed independent-unit coordinates in Section S5.9. The total
influence is the worker influence plus the firm influence plus twice the covariance influence. None of

gt = Crye, (S5.12)

these diagnostics automatically selects q.
For ¢ = 1, the leading score and its raw leave-out recenter are

b1 = v}y, 17}7?0 = Zv%gygég’_g, =0 — A\ (b — ‘Z}fo). (S5.13)
g

The implementation checks this remainder against the direct rank-one-subtracted kernel. The raw
recenter must not be replaced by a positive fitted variance. Fitted variances instead supply the
covariance of (by,7), denoted S = ( CY:T ?}j ) Specifically, put Bf = B, — \jv1v} and form Cff from

(S5.5) using Bt and its diagonal. With hp = C{ty,, the entries are

Vy, = v} Vo, Chr = 20, Vhg, (S5.14)
V, = AWz Vhy — 262 (VCEVCE). (S5.15)

The remainder trace uses the same Gaussian draws as the full covariance. fevc requires V, V. > 0
and 1 — C% /(V,V;) > 1078 for the Rust ql attachment. No ridge or positivity floor is applied to
these two-dimensional covariance estimates. The relevant maximal curvature is

p—1\ T (55.16)

V Ve = Co/Ve
The numerator contains a variance, not a standard deviation. This agrees with the published
KSS expression (Kline et al., 2020, p. 1878); it is invariant to rescaling the outcome. fevc uses a
dimensionless covariance check and maps the calibrated ellipse through (b,7) + A1b? + r (Andrews
and Mikusheva, 2016).

For confidence level 1 — «, let ¢1_4(k) be the (1 — ) quantile of

D= \/Z2+ (122 + Ur)2 — 1k, 21,22 % N(0,1). (S5.17)
Its zero-curvature limit is | Zs| and its infinite-curvature limit is \/Z? + Z2. The public command
uses max (100,000, 100R) critical draws per eligible target, where R = inferencesimulations() is
the covariance-probe count. It selects the ordered draw at rank [(1 — &) Ngit|. Critical-value draws
have a separate random-number domain from covariance probes. The endpoints are the minimum
and maximum of \;b? + r over

()-GI=[)-)

The implementation parametrizes the ellipse boundary by angle, searches an 8,192-point global grid,
and refines its extrema by bounded search. This is the image of the calibrated joint ellipse, not a
Wald interval centered on 6;.

< ci_a(k)? (S5.18)
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Under KSS’s joint-limit conditions and consistent covariance estimation, the resulting interval
has asymptotic coverage at least equal to its nominal level, uniformly over the leading-score nuisance
mean (Kline et al., 2020, Theorem 3 and Lemma 7). This guarantee is not inherited merely by
substituting a structured fit. One-mode inference requires a diffuse remainder; several important
modes, weak or null designs, and misspecified variance models can fall outside the claim. A
target-specific q1 covariance or mode that fails the stated numerical requirements produces missing
endpoints, while shared solver or variance-fit failures stop the attachment. Rejection of the full joint
covariance alone does not discard valid target-specific intervals. Ordinary Wald columns are not
substitute ql intervals.

Applying these reference laws to the feasible calculation requires errors from nuisance estimation
and numerical approximation to vanish on the sampling scale. For highrank, the difference from
the reference estimator, divided by its sampling standard deviation, must be 0,(1), and the fitted
variance must be ratio-consistent; joint inference requires the corresponding covariance consistency
on the nonsingular primitive-target space. For ql, the score and remainder errors must be negligible
on their joint covariance scale, with consistent covariance, mode and critical-value calculations. A
uniform coverage claim also requires these approximations to hold uniformly over the leading-score
nuisance mean. These conditions supplement the spectral and moment assumptions. They are not
established by fixed probe budgets or successful numerical checks. Sections S5.10 and S5.11 describe
the omitted-mean and numerical terms; estimated control offsets require a separate negligibility
argument.

S5.4 Exact observation inference and cross-target covariance

The exact Mata observation-deletion smoother uses a different variance approximation. For a target
A, it smooths y;€; _; on leverage and the diagonal of X S} AS, .} X', using rank bins and a weighted
local-linear tricube fit. The default inferencebins() is 1,000. Materially negative fitted variances
withhold the request; only tiny negative roundoff is set to zero. Let V(A) denote the scalar variance
estimate obtained from that target’s influence weights and Gaussian simulations under its fitted
variance vector. For each pair of primitive targets, Mata refits the smoother for their sum and sets

Qi = HV(Ar+ As) = V(A) = V(4,)}. (85.19)

All fits use the same standardized Gaussian simulation draws. The resulting 3 x 3 covariance is
checked for positive semidefiniteness, then mapped by T to four targets. Thus lincom has a coherent
joint covariance and reproduces the total identity. Coherence does not make the separate smoothers
a common variance model or establish the validity of every Wald contrast. This exact observation
family is distinct from the sparse residual-moment procedure and its estimator-specific results below.

S5.5 Mean inference: fixed-origin reference and omitted randomness

Write u for the working outcome, d for the direction of a common physical outcome shift (d =1
for unit observation rows), and z = u — c¢d. For the following fixed-origin formulas ¢ is genuinely
nonrandom. For the implemented approximation it is set equal to the observed retained physical
mean and then held fixed inside the inference calculation.
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S5.6 Exact observation-deletion algebra

Condition on a fixed, identified design X and write u = p+ ¢, p = X3, Ee = 0. Let errors be
independent with V' = diag(c?). All inverses below are taken on the identified coefficient space. Put

Ser=X'X, P=XS_ X', M=1-P, B =XS,AS.}X, (S5.20)

where A; is the symmetric coefficient-space matrix for target 6; = 5’ A;3. Define

By ;i

dy; = M;; )

C, = B, — 3 {diag(d;)M + M diag(d,)}. (S5.21)

Existence requires the usual admissible deletion makers. Then diag(Cy) =0, e = Mu = Me, and
the deleted residual is €; —; = e;/M;;. This is the KSS leave-out kernel; see (Kline et al., 2020,
p. 1862, equation (1); p. 1873, equation (8)).

For FEVC(C’s variance and covariance targets, a common outcome shift is in the model span and
leaves the plug-in component unchanged:

M1=0, Bj1=0. (S5.22)
Consequently Mz = Mu, and for any genuinely fixed scalar c,
5,5(0) = u'Byu — Z By ii(ui — c)éi i (S5.23)
i
= 2Bz — 2 diag(dy) Mz = 2'Cyz.

The centered proxy s;(c) = (u; — ¢)&; —; satisfies Es;(c) = o2: Ee; _; = 0 and E[u;e; _;] = 0. Thus
Ef;(c) = 6; under the fixed-c model. This argument is a change of outcome origin in the KSS
identity, not a claim that replacing ¢ by a sample statistic preserves exact unbiasedness.

Two identities are useful for implementation and for the omitted term:
Ci1=—3Mdy, 1'Ci1 = 0. (S5.24)

In general C}1 is not zero. Therefore centering does change the leave-out estimator even though it
leaves the plug-in component and fitted residuals unchanged. The changed influence is

gt(C) = CtZ = Ctu + %Mdt (8525)

Computations may retain the original fitted coefficients because B;u = B;z; the outcome multiplying
the diagonal correction must nevertheless be z. No new model fit is needed.

S5.7 High-rank covariance and uncentered noise probes

Set u. = u — cl. For fixed ¢, independent mean-zero errors, and finite fourth moments, the zero
diagonal gives
Qs(c) = 4(Cypie) V (Cspie) + 2tr(VCV Cs). (S5.26)

No Gaussian assumption is needed for this identity: diagonal terms that would involve third moments
or fourth cumulants vanish. Gaussian error probes are a convenient way to compute the trace, not
an assertion that observed errors must be Gaussian. With V' known,

Qus(c; V) = 4g4(c) Vgs(c) — 2t (VC,V Cy) (S5.27)
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is unbiased for (S5.26). The minus sign removes the quadratic noise already contained in the realized
influence. Substituting an estimated variance model is an additional approximation and can yield
invalid scalar or joint covariance estimates; the existing failure/status rules remain.

For independent numerical draws n(") ~ N(0, V),
g =n"Cm™,  Cov(g”, gV | V) = 262(VCVCy). (85.28)

The original kernel acts on these zero-mean errors. Subtracting ¢ would add a spurious signal term.
Subtracting a draw-specific mean would replace C; by a different kernel and approximate a different
sampling model. This rule also applies to Gram, spectral, and critical-value simulation where those
domains are already defined by the existing implementation.

Two retained variance constructions. Structured inference in Rust and exact Mata match
calculations uses one positive common variance vector across all component targets. The residual-
moment fitter models variances in an outcome-free basis Z,,, with E(eoe) = (M oM)Z,~. It estimates
the small residual Gram through direct covariance probes in Rust or coefficient contractions in
Mata, then solves the moment equations. Since M (u — ¢1) = Mu, its residual response, Gram
operator, and design-only basis are unchanged by a constant shift. Both structured_common and
structured_leverage retain their registered support, conditioning, positivity, and failure rules.
Agreement between these models is not a test of omitted variance drivers.

The exact Mata observation method instead smooths the raw proxy s;(c) using leverage and a
target-specific diagonal, with its existing binning and local-linear rules. It refits each primitive and
each polarized target. If F; denotes the scalar calculation with target t’s fit, its cross covariance
is (Fi1s — Fy — F5)/2. Centering therefore enters every such fit and influence. The structured
common-vector formula is not substituted for this family. Neither family implements the paper’s
unrestricted variance-product construction (Kline et al., 2020, pp. 1874-1875).

For a valid primitive covariance, the fourth row and column follow from the fixed map
(9017 91[17 0011[)) — (9017 9w7 9041[)7 90{ + 91[) + 29(11&)

Structured target availability and joint-matrix availability remain distinct. The high-rank Gaussian
reference requires diffuse spectrum and influence; a requested option is not evidence for these
conditions (Kline et al., 2020, p. 1873, Theorem 2).

S5.8 One leading mode and its remainder

For a particular target, let (X, v) be its largest-absolute-value nonzero observation-space eigenpair,
Biv = Av, v'v = 1. Equivalently it is the generalized eigenmode of (A, Sz.). Since B;1 =0, v'1 =0
and the leading score

b=1vz=1vu (S5.29)

is algebraically invariant to centering. The raw recenter is not:
L(C) = Z U?Zié\@_i. (85.30)
i
It is essential to retain this realized leave-out product separately from the positive modeled leading-

score variance V, = v'Vv. Replacing L(c) by Vi changes the remainder center while leaving its
influence and trace tied to the original remainder kernel.

28



Define

B i — M}
Br = By — \vv/, dr; = 16,7)\%’ (S5.31)
Cr = Br — 3{diag(dg)M + M diag(dp)}. (S5.32)
The exact identity and remainder influence are
R(c) = 0y(c) — Mb* — L(c)} = 2/Crz,  gr = Cra. (S5.33)

Production independently evaluates both sides and retains its scale-relative identity gate. At fixed
¢, ER = Ry =06, — Ab3, where by = /. The one-mode reference approximates (5, }AB) jointly by a
Gaussian vector, under the additional mode-weight and diffuse-remainder conditions in (Kline et al.,
2020, p. 1876, Assumption 2 and Theorem 3).

For a common variance fit, its covariance estimate is

& 'V 20'V gp
Y= - N ~ . S5.34
<21)’V9R 4g§%VgR — 2tI‘<VCRVCR) ( )

The exact Mata observation smoother uses its target-specific variance fit in this expression, with
the centered raw proxy. Structured match inference uses the common variance fit on both backends.
The corresponding population remainder variance has the plus trace sign, as in (55.26). A second
large mode, concentrated mode weights, or concentrated remainder influence can invalidate the
one-mode reference even if the interval computation succeeds.

Write the entries as Vj,, Cpr, and Vi and require the existing positivity and determinant checks.
The maximal curvature is

P (S5.35)

VVE - Cir/Vo
The numerator uses a variance, not a standard deviation. If p;_ (k) is the existing critical radius,
form the ellipse

E={(b,R):[(b,R) — (b, R)TS'[(b, R) — (b, R)] < p1—a(r)?}. (S5.36)

The interval endpoints are the minimum and maximum of A\b? + R over €. Centering changes the
observed center and covariance, not the deterministic image calculation or critical-value construction.
The radius is based on the Andrews—Mikusheva curvature bound, not a same-design empirical
quantile of shortest distances to a parabola (Andrews and Mikusheva, 2016, pp. 1256-1257). With
the required asymptotic conditions and consistent studentization, KSS establish coverage of at least
the nominal level (Kline et al., 2020, p. 1878, Lemma 7); this does not guarantee exact size, or
establish those conditions for FEVC’s fixed-observed-mean approximation. Structured ql retains
target-local statuses and does not post a Gaussian e (V) or silently replace a failed ql interval by a
q0 interval.

S5.9 Frequency weights and declared matches

The supported match component route first freezes the nuisance offset. Every row in a declared
match g then has the same FE row z4. Let Fy =3 ;. fi and define the mover aggregates

U, = LFQ x¢=\[Fyz,  dy= \/Fg (S5.37)

29



For each physical stayer observation append U; = u;, X{ = z;and d; = 1. Let N =37 g Fy+|Zs| =

(2
d'd. The physical-frequency mean and centered mover aggregate are

d/
CZWU, Zy = U, —cdy = \[Fy(iiy — ). (5.38)

They are not obtained by subtracting the unweighted mean of U,. For a stayer row the centered
outcome is Z; = u; — ¢. Thus the mean is computed on the retained physical population before the
mixed transformation. Target weights continue to determine A; separately from regression mass.
Distinct declared deletion IDs at a common coefficient cell remain distinct independent units.

For completeness, represent the original stored rows in square-root-frequency coordinates and let
wg; =/ fi/ Fy. Within a match, wjw, =1, Xy = w,X¢, and

Pyy = hqwgwy,, Bi g9 = bigwgwy, w'gMg_glég =1 _g o (S5.39)
g
Hence the centered physical-block correction reduces exactly to
2 Bygg My, ey = biyZy By . (S5.40)

Within-match contrasts orthogonal to wy vanish from the target. Applying (S5.21) to the collapsed
design gives the ordinary scalar kernel on the mixed independent units, with Md = B;d = 0.
Equations (S5.23)—(S5.34) therefore apply with 1 replaced by d, u by U, and z by Z. The ql raw

recenter sums nggEg,,g over mover units and v?Z;€; _; over physical stayer observations. Mover
terms use products of match contractions rather than sums of rowwise products.

If T'y is the covariance of the unscaled stored-row error vector within match g, the aggregate

P AT/
g Fg’

variance is

V = diag(7;). (S5.41)

In literal physical-copy coordinates the same aggregate has variance 1’ thysl /Fy, where thys is the
covariance on those expanded coordinates. Use one independent error probe per mover unit and
per physical stayer observation. Frequencies create separate stayer observations but do not create
additional independent mover matches. Whole-cluster deletion permits dependence within a match
under independence across matches (Kline et al., 2020, p. 1863, Remark 3); it does not permit
unrestricted correlation across different matches of a worker. If the nuisance offset was estimated on
the same sample, the omitted offset uncertainty is a separate approximation that mean centering
does not repair.

S5.10 What estimating the mean omits

The following derivation covers unit observations, mover aggregates and the mixed mover—stayer
representation. Let d be the constant-shift direction, a = d/(d'd), ¢co = d'u, u = da'u, and
d = u — cg = d’e. For observations d = 1; for matches use (S5.37). Put h; = diag(d;)d. The exact
kernel satisfies

Cid = —5Mhy, d'Cyd = 0, (S5.42)

SO

~

0,(0) — 0,(co) = 65, Sy = hiMe. (S5.43)
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Both factors have mean zero. Their product need not have mean zero. In particular the exact
estimated-mean bias is

prean — B(5S,) = o'V Mhy. (S5.44)

For unit observations this is n =11’V Md;. It vanishes under homoskedastic independent errors, but
generally not under heteroskedasticity. There is no uniform claim that ignoring the product is
conservative.

A sufficient target-specific condition for the fixed-c¢y approximation is

05 = op(st), s? = Var{0;(co)}. (S5.45)
Root-n orders for both factors would give an Op(n_l) product, which is negligible if s, =< n~1/2;
more generally it suffices that n=! = o(s;). An upper bound s; = O(n~'/2) alone is insufficient.
These orders are not automatic with many effects, large leverage, concentrated match masses, or a
nearly degenerate target. For ql the leading score is unchanged because v'd = 0. The relevant joint
Mahalanobis scale can be smaller than the marginal remainder SD: using population covariance
entries, a sufficient additional condition is

5Sp = op(,/vR - ch/Vb) . Sp = (diag(dr)d) Me. (S5.46)

A large stored-row count and a small observed point-estimate difference do not verify (S5.45).
The feasible covariance fit must also be stable to replacing ¢y by u, particularly for the exact
target-specific smoother.

S5.10.1 Exact Gaussian diagnostics
Let J. = I —da’. The actual sample-mean estimator is
0,(a) = u' Ky, K;=J.CpJ. = Cy+ S{ahiM + Mhya'}. (S5.47)
Its diagonal is K3 = a;(Mhy);, generally nonzero. Under Gaussian errors the exact moments are
Ef, (i) = 0; + tr(K, V), (S5.48)
Cov{8,(), B,(a)} = 4(Kip)'V (Kop) + 26r(VEGVE,).

These dense formulas provide reference values for checking the implementation. Because My =0
and Md = 0, Kyp = Cy(p — cod). Thus mean estimation leaves the population linear influence
unchanged and modifies only the quadratic-noise kernel in this maintained model. Applying (S5.47)
to Cr gives the exact ql remainder moments. The Gaussian leading/remainder covariance is
20"V K pp; it equals the fixed-cy population covariance. With true V' substituted, the expectation of
the implemented frozen-mean covariance formula can also be checked exactly:

EQy (V) = 4gh,V gos + 4tr(C,V CJ V JL) — 2tr(VCV Cy), (S5.49)

where gor = Ci(p — cod). Comparing this expression with (S5.48) isolates the omitted-mean effect
before variance fitting.

For a direct scale diagnostic define Ag = a'Va, J, = hyMV Mh;, and D; = o’V Mh;. Gaussian
moment factoring then gives

E[(6S;)?] = AoJs + 2D?, Var(0S;) = AgJ; + D2 (S5.50)
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The bias-to-SD and RMS-discrepancy-to-SD ratios therefore can be checked without repeated
outcomes. They should be reported for each target and eligible q1 remainder, together with support
and spectral diagnostics.

For non-Gaussian errors, the nonzero diagonal of K; brings third moments and fourth cumulants
back into the actual-Mean covariance. For independent errors, if g = Kiu, ms; = EE?, and

4

k4 = Ee} — 30}, the terms added to the Gaussian covariance in (S5.48) are

2> mai(91iKei + gsileii) + Y kaiky i Ksii. (S5.51)
(2 (2
For the diagnostic with independent standardized tg errors, symmetry sets the third moments to
zero and the excess kurtosis is 1.5. Its actual-Mean covariance therefore adds 1.5, Jf‘KmiK s,ii tO
the Gaussian reference. Equation (S5.44) remains exact. At fixed cp, the zero-diagonal covariance
(S5.26) remains exact, but the estimator is not thereby Gaussian. These distinctions prevent a
Gaussian moment comparison from being read as general sampling-coverage evidence.

When the diagnostic estimates a nuisance offset on each outcome draw, the dense point oracle
applied to that draw’s transformed outcome still checks the estimator’s algebra. A diagonal-
Gaussian moment oracle for a known offset is only a reference for that experiment: same-sample 7
makes the transformed error dependent on the outcomes and generally correlated across units. The
unconditional law must include that estimation step. Also, empirical ql joint-covariance comparisons
computed only for available fits are conditional on success; they cannot replace the separately
reported unconditional attempt and availability counts.

S5.11 JLA and numerical uncertainty

The exact kernels above define the statistical reference and independent test oracles. Native
JLA retains its finite-projection point formula, leverage/target probe domains, maker corrections,
and solver contracts. An exact zero-diagonal identity must not be asserted for an arbitrary
finite randomized approximation merely because it holds for the underlying exact operator. The
implementation centers the working outcome after fitting, then passes it to the existing component
attachment; match compression uses (S5.38). Residual-moment fitting retains the unchanged
residuals.

Numerical diagnostics must distinguish point JLA, residual Gram, covariance trace, eigenmode,
and critical-value error from sampling error. The reported point MCSE does not include all of these
quantities and is not an econometric standard error. A repeated-seed/probe-budget experiment at
fixed data tests numerical stability, while a sampling experiment redraws outcomes and recomputes
the retained observed mean on every replication. It holds that newly observed mean fixed only
inside that replication’s inference calculation.

Checking the one-mode remainder with inexact solves. The remainder identity also depends
on the residual of the original fit. To isolate numerical error, write z = X 5.+e and let Ar = diag(dg)
contain the remainder correction ratios. Define

q= Ath + %X’ARz, ro=X'z— SMBC = X'e, r1 = q— Sgzh, (S5.52)

where h is the numerical solution of the combined influence system. After cancellation of the
common leading-mode terms, the difference between the directly evaluated remainder Rg; and its
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raw leave-out decomposition R,y obeys

Edir - Eraw = Z/Xh - Béq (8553)
= (SLL‘.Z’//B\C + TO)/h - Bé(sﬂwh + 7‘1) = Té)h - Bé'rl-

Symmetry of S, gives the final equality; neither residual is assumed zero. The numerical certificate
subtracts this independently evaluated signed contribution before applying its existing discrepancy
threshold, while retaining the raw absolute discrepancy in the diagnostic. It changes no point,
influence, covariance or public solver tolerance. A discrepancy not explained by these signed terms
fails the check, including the tested inconsistent recenter perturbations. The identity does not
certify a deletion maker or recenter used consistently on both sides: the cancellation also holds for a
common incorrect diagonal correction matrix. Those inputs require separate verification. This is a
consistency check for accepted inexact solves, not a coverage result or a bound on all finite-probe
error.

S5.12 Supported requests and interpretation

Table S5.1 distinguishes the statistical method from the backend. All component requests are
opt-in, support Mean or None, and reject Corrected centering. The structured match routes
accept the default stayers(both) or explicit stayers(movers), positive integer frequency
weights, targetweight () and deletionid(). The variance model must be explicitly selected as
structured_common or structured_leverage.

Table S5.1: Component-inference methods and populations

Method Calculation Population and controls ~ Weights

Structured match Exact Mata or Rust/JLA  Movers and eligible Frequencies and target
stayers, or movers only; weights
fixed offsets

Structured observation Rust/JLA Both groups, or movers No frequency-weight
only; joint controls declaration

Observation smoother Exact Mata Observation deletion; Unit frequencies
joint or fixed-offset
controls

For example, with original deletion units identified by match, the small-design structured route is

fevc y controls, worker(worker) firm(firm) ///
deletion(match) deletionid(match) stayers(both) ///
nuisance(fixedoffset) backend(mata) algorithm(exact) ///
inference(highrank) inferencemodel (structured_common)

For a larger design use

fevc y controls, worker(worker) firm(firm) ///
deletion(match) deletionid(match) stayers(both) ///
nuisance(fixedoffset) backend(rust) rng(counter_vl) ///
algorithm(jla) engine(generic) preconditioner(cmg) ///
inference(highrank) inferencemodel(structured_common)
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Here controls stands for the application’s control variables and can be omitted. deletionid() can
be omitted for worker—firm pairs. The Rust route also accepts explicit preconditioner(diagonal).
Use inference(ql) when the one-mode assumptions are appropriate; there is no automatic reference
selection. Native observation inference requires explicit deletion(observation), backend(rust),
rng(counter_v1), algorithm(jla), a supported explicit preconditioner and structured model, and
joint controls. Its engine can be omitted, auto, or generic. Even an all-one frequency-weight
declaration is rejected on that observation route. Omitting inferencemodel () selects the exact
Mata observation smoother.

Both structured backends use the covariance-draw count set by inferencesimulations(). The
Rust Gram-probe count is set by inferencegramprobes(). Mata’s coeflicient-contraction Gram
uses no probes. The observation smoother uses inferencebins(). Exact Mata remains subject
to its coefficient-dimension and memory limits; there is no structured Mata/JLA attachment.
Structured component inference cannot share a call with project(); the exact Mata observation
method can combine the two.

The mixed partition is recorded in three counts:

e e(inference_mover_units): mover units;

o e(inference_stayer_units): physical stayer observations;

e e(inference_independent_units): their sum.

Highrank posts e(V) only when its joint covariance and all individual checks pass. Structured gl
posts no substitute Gaussian e(V). A missing interval, invalid covariance or failed mode is not a
zero standard error. Report the variance model, centering, deletion population, numerical budgets
and interval availability. Sampling terms from estimating the control offset and observed mean are
omitted; component inference does not supply a joint-control match correction. Section S6 reports
evidence separately for the distinct procedures and populations.

S5.13 Mover-only public Veneto example

This example uses None centering, a mover-only target and the explicitly fixed numerical settings
below. Section S5.14 considers the pooled target with Mean centering.

The example uses the same 71,614-row subsample as the article’s decomposition: workers with
regional code 1 observed in both years. Select it from the full public dataset and define the match
identifier before requesting inference:

import delimited using kss_veneto.csv, ///
varnames (nonames) clear
rename (vl v2 v3 v4 v5) (worker firm year region log_wage)
keep if region ==
bysort worker (year): keep if _N ==
egen long match = group(worker firm)

Component inference uses the mover population and fixed-offset convention:
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fevc log_wage, worker(worker) firm(firm) ///
deletion(match) deletionid(match) stayers(movers) ///
nuisance(fixedoffset) backend(rust) rng(counter_v1l) ///
algorithm(jla) engine(generic) preconditioner(cmg) ///
probes(200) batch(16) seed(8675309) ///
tolerance(le-10) maxiter (10000) memory_gib(16) ///
memorycheck(error) ///
centering(none) inference(ql) inferencemodel(structured_common) ///
inferencegramprobes(2048) inferencesimulations(1000) ///
inferenceseed(8675309)

Replacing inference(ql) by inference(highrank) requests q=0. These calls use the same
mover sample and point-estimation settings. Since no controls are supplied, there is no estimated con-
trol offset whose uncertainty is omitted. The structured variance model, cross-match independence,
and g-specific concentration conditions still matter.

With the direct residual Gram and 2,048 probes, both requests complete on 12,828 retained
observations and return all four intervals. The corresponding point-only call gives the same estimates
and sample. These mover matches each contain one observation in the teaching extract; the synthetic
size ladder supplies the separate repeated-match example. The corrected total variance is 0.06376,
with a Wald standard error of 0.00107. The covariance interval includes zero under both references;
the firm-variance ql interval is wider and asymmetric around the estimate (table S5.2).

Table S5.2: Approximate component inference on mover matches

Target Estimate Wald SE  95% Wald interval =1 interval

Worker variance 0.04484  0.00213  [0.04066, 0.04902]  [0.04160, 0.04949]
Firm variance 0.01458  0.00146 [0.01172, 0.01743]  [0.01241, 0.01837]
Worker—firm covariance ~ 0.00217  0.00136 [-0.00049, 0.00483] [-0.00121, 0.00389]
Total variance 0.06376 0.00107 [0.06166, 0.06585]  [0.06166, 0.06586]

Notes: Direct residual-moment results at inference seed 8675309. The point estimates refer to movers, a different
population from the 56,044-observation combined decomposition in the article. Wald columns use the g0 call;
the q1 column uses the separate one-mode reference. Both use 200 point probes, 2,048 Gram probes and 1,000
covariance probes; ql also uses 100,000 critical-value draws per target. This is a public implementation example,
not a coverage experiment.

When a 0 request succeeds with an admissible joint covariance, ordinary Stata postestimation can
be used:

lincom worker_variance + firm_variance + ///
2xworker_firm_covariance
estat diagnostics

The gl request does not post a Gaussian covariance. Ordinary lincom uses the covariance from
an admissible q0 call; it does not form a ql interval for an arbitrary new target. The researcher
should inspect target-specific withholding and justify the variance model and dependence partition
before interpreting the intervals.

Holding the point seed fixed, six preselected inference seeds return all 48 requested intervals.
Across seeds, the coefficients of variation of the Wald standard errors are 5.17, 4.55, 6.47, and
1.04 percent for worker, firm, covariance, and total targets. The largest ql1 endpoint range is 12.18
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percent of the corresponding median interval width; at most 0.234 percent of fitted unit variances
reach the positivity floor. These calculations measure numerical sensitivity on one outcome with
point randomization held fixed. They neither establish sampling coverage nor justify selecting a
seed or reference after seeing the intervals. The experiments below report the conditioning failures
and numerical sensitivity under the different variance estimators.

S5.14 Pooled public Veneto component inference

The pooled illustration uses the same 71,614-row subsample and Mean convention as the article’s
decomposition. Import the full public dataset with asdouble, rename its first five columns as in the
article, and retain workers with regional code 1 observed in both years. The full registered highrank
request is

set processors 4

fevc log_wage, worker (worker) firm(firm) ///
deletion(match) stayers(both) nuisance(fixedoffset) ///
backend(rust) rng(counter_vl) algorithm(jla) ///
engine(generic) preconditioner(cmg) centering(mean) ///
probes(200) seed(8675309) nativethreads(4) ///
tolerance(le-10) maxiter(10000) ///
memory_gib(16) memorycheck(error) ///
inference(highrank) inferencemodel (structured_common) ///
inferencegramprobes (2048) inferencesimulations(1000) ///
inferenceseed(8675309) level(95)

The point-only comparison omits the inference options. Replacing inference (highrank) by
inference(ql) gives the second reference calculation. The settings, order and comparisons were
registered before execution; the model and numerical budgets were not selected from these interval
results.

All three calls retain exactly the same 56,044 physical observations, 28,022 workers and 1,684
firms, with matching hashes of the retained rows. The inference partition has 12,828 mover units
and 43,216 physical stayer observations. Each mover match in this extract contains one observation;
repeated mover units are covered separately by the synthetic assessment. All four point estimates
agree across the point-only and inference calls. No controls are included, eliminating estimated-offset
uncertainty in this example. Mean estimation uncertainty remains omitted.

Table S5.3: Pooled component inference in the public Veneto example

Target Estimate Highrank SE  95% highrank interval 95% ql interval
Worker variance 0.08514 0.00120 0.08278, 0.08749 0.08273, 0.08760

[ 1 |
Firm variance 0.01024 0.00103 [0.00822, 0.01226] [0.00819, 0.01235]
Worker—firm covariance  0.00468 0.00077 [0.00318, 0.00618]  [0.00310, 0.00623]
Variance of sum 0.10473 0.00041 [0.10394, 0.10553] [0.10393, 0.10553]

Notes: The targets describe movers and eligible stayers together, with equal physical-observation target mass. Both
requests use Mean, structured_common, 200 point probes, 2,048 Gram probes and 1,000 covariance simulations; ql
uses 100,000 critical-value draws per target. The highrank covariance is admissible and posted as e(V). The ql
call returns all four target intervals and posts no Gaussian covariance. Intervals rely on the respective spectral
conditions, the variance model, independence across mover units and individual stayer observations, and negligible
omitted-mean terms. This is not a coverage experiment.
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The two reference calculations give similar intervals on this fixed outcome (Table S5.3). Highrank
gives [0.08278,0.08749] for worker variance and [0.00822,0.01226] for firm variance. Both covariance
intervals exclude zero under their maintained assumptions. The total-component standard error is
smaller than either variance-component standard error because the joint calculation accounts for
covariance among the component estimates.

Table S5.4: Spectral and influence diagnostics for the pooled Veneto targets

Target Leading share Remainder share Largest mode weight Largest influence share
Worker variance 0.044433 0.043833 0.269162 0.021719
Firm variance 0.046599 0.046075 0.266211 0.012187
Worker—firm covariance 0.048567 0.048106 0.268108 0.024057
Variance of sum 0.000034 0.000034 0.000372 0.001127

Notes: Leading and remainder shares use (S5.11); the largest mode weight is max, v?,. The largest influence share
is the variance-weighted concentration ratio in (S5.12). Shares use finite numerical budgets and are diagnostics, not
automatic acceptance thresholds for a reference distribution.

The leading shares are below 0.05, but the largest squared leading-mode weight is about 0.27
for each primitive target. Similar highrank and ql intervals therefore do not establish diffuse
mode weights or justify a one-mode asymptotic approximation. Researchers must assess those
conditions and the stayer-independence assumption separately. The input and package hashes,
complete command logs, statuses, returned matrices and retained-sample hashes are recorded under
replication/experiments/pooled_inference_20261010/.

S6 Statistical validation

The experiments below answer distinct questions, with separate sample definitions, failures and
denominators. Algebra checks concern identities; fixed-data seed comparisons concern numerical
error; coverage experiments redraw outcomes. Passing one layer does not establish another. The
replication records bind each experiment to its source and input hashes, registration, raw results
and exclusions.

S6.1 Fixed-design bias experiment

The experiment uses six workers, four firms, and four periods, with 24 observations and 17 declared
matches. The worker—firm allocation is shown in table S6.1; a match consists of all observations for
a worker—firm pair. Here w indexes workers, j firms, and 7 periods. The signal is

Ywr = Q + Vjw7) +0.3(1 = 1.5) = 0.21{7 = 2} + €yr, (S6.1)
with coeflicient vectors

(ag, ..., a5) = (—0.8,—0.45,—0.1,0.25,0.65, 1.05),
(4o, - . ., 3) = (0.35,—0.4,0.55,0).

The true values are the quadratic targets evaluated at these coefficients and the retained sample
selected from the zero-error outcome.
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Table S6.1: Worker—firm allocation in the fixed-design experiments

Worker 7=0 7=1 7=2 7=3
0 0 0 1 1
1 0 2 2 1
2 1 2 3 3
3 2 3 0 0
4 3 1 1 2
5 3 3 2 0

Notes: Entries are firm identifiers. The bias and random-projection experiments use this allocation, with different
outcome constructions.

The independent-error specification draws normal errors with standard deviation 0.35 + 0.085 +
0.047 and uses observation deletion. The match-error specification sets
id
Ewr = 0~677g(w,-r) + 0.25147, Ngs Vwr ~ N(O7 1)7 (862)
and uses match deletion. Each match shares 7, and is independent of other matches. Both regressions
include the two controls in their deleted fits. There are 5,000 replications per specification, with no
failed calls. The reported Monte Carlo standard errors use the variation across outcome replications.

S6.2 Random-projection approximation

The approximation exercise uses the same allocation but fixes the outcome at y,,r = 1.5 + 0.3w —
0.25(w, T) 4+ Uwr, without controls. For workers w = 0,...,5, the four-period vectors u,, are,
respectively, (.2,—.1,.1,—.2), (-.2,.3,—.1,.1), (.1,-.2,.2,—.1), (—.1,.2,—.2,.1), (.3,—.2,.1,—.2),
and (—.2,.1,.2,—.1). The balanced design uses unit frequencies. The concentrated design assigns
frequency 12 to worker 0’s two observations at firm 0, changing both the regression information and
default target weights.

The reference is the deterministic exact Mata match-deletion calculation, checked against an
independent dense calculation that expands the frequency weights and refits the regression after
each literal match deletion. The randomized calls use generic Mata JLA, diagonal preconditioning,
automatic batching, solver tolerance 10712, at most 10,000 iterations, and a strict 16-GiB direct-
allocation budget. Each of the six probe counts in table S6.2 uses 1,000 independently seeded calls
for each design. Separate Rust calls use Counter-V1 at 200 and 1,000 probes, also with 1,000 seeds
per design. Equal seed numbers across the two backends do not imply equal random projections.
Both stages use the stated probe count; all calls use the uncentered estimator, request mcse (all),
and hold the outcome fixed.

For each component, the table compares the standard deviation across complete point estimates
with the square root of their mean raw estimated numerical variance (“All”). The conditional
column (“Cond.”) reports the root mean square of the conditional target-probe diagnostic. These
are estimates of one run’s numerical dispersion, without division by the square root of the number
of runs, and are themselves subject to Monte Carlo error. Bias is the mean randomized estimate
minus exact KSS. The replication records also report RMSE, mean absolute error, and the 95th
percentile of absolute error for every component and cell.

Availability is counted over all planned runs. Finite raw covariances enter the variance average
even when a materially indefinite matrix withholds the usable MCSE; averaging only available
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diagnostics would select on the estimated covariance. Failure counts and any nonfinite raw estimates
are retained separately. These fixed-data experiments assess the local approximation on the stated
graphs and do not establish sampling coverage or uniform accuracy near singular deletion.

At 25 probes, usable MCSEs are withheld in one of the 1,000 balanced Mata runs and ten of
the 1,000 concentrated Mata runs because the raw covariance is materially indefinite. Their point
estimates remain valid. All other Mata diagnostics and all Rust diagnostics in the grid are available.
There are no point-call failures in the 16,000-run synthetic experiment.

Table S6.2: Complete-run dispersion and numerical MCSE

Design Target Probes Bias Seed SD All  Cond. Usable
Mata
Balanced Worker 25 -0.00066 0.01154 0.01167 0.00851  999/1000
Firm 25 -0.00018 0.00625 0.00620 0.00390
Covariance 25 -0.00025 0.00886 0.00896 0.00889
Sum 25 -0.00134 0.01949 0.01985 0.01558
Balanced Worker 50 -0.00014 0.00819 0.00829 0.00597 1000/1000
Firm 50 -0.00007 0.00427 0.00435 0.00271
Covariance 50 0.00013 0.00599 0.00628 0.00624
Sum 50 0.00004 0.01439 0.01402 0.01086
Balanced Worker 100 -0.00027 0.00585 0.00577 0.00412 1000/1000
Firm 100 -0.00003 0.00298 0.00303 0.00187
Covariance 100 0.00011 0.00430 0.00439 0.00436
Sum 100 -0.00008 0.00964 0.00982 0.00758
Balanced Worker 200 -0.00006 0.00414 0.00405 0.00289 1000/1000
Firm 200 0.00008 0.00206 0.00213 0.00131
Covariance 200 0.00016 0.00311 0.00310 0.00308
Sum 200 0.00034 0.00716 0.00694 0.00536
Balanced Worker 500 0.00005 0.00262 0.00256 0.00183 1000/1000
Firm 500 -0.00002 0.00130 0.00134 0.00082
Covariance 500 -0.00001 0.00199 0.00196 0.00195
Sum 500 0.00000 0.00446 0.00437 0.00337
Balanced Worker 1000 -0.00004 0.00184 0.00181 0.00130 1000/1000
Firm 1000 -0.00002 0.00093 0.00095 0.00058
Covariance 1000 -0.00001 0.00142 0.00139 0.00138
Sum 1000 -0.00008 0.00295 0.00309 0.00239
Concentrated Worker 25 0.00034 0.02178 0.02115 0.01320 990/1000
Firm 25 0.00027 0.00626 0.00630 0.00262
Covariance 25 0.00046 0.01374 0.01344 0.01161
Sum 25 0.00154 0.04648 0.04539 0.03044
Concentrated Worker 50 -0.00062 0.01527 0.01557 0.00921 1000/1000
Firm 50 -0.00017 0.00455 0.00460 0.00167
Covariance 50 -0.00004 0.00991 0.00965 0.00820
Sum 50 -0.00086 0.03339 0.03343 0.02147
Concentrated Worker 100 -0.00004 0.01089 0.01099 0.00625 1000/1000
Firm 100 -0.00007 0.00309 0.00326 0.00111
Covariance 100 0.00023 0.00710 0.00678 0.00574
Sum 100 0.00034 0.02397 0.02361 0.01487
Concentrated Worker 200 0.00048 0.00794 0.00773 0.00438 1000/1000
Firm 200 0.00018 0.00230 0.00233 0.00077
Covariance 200 0.00010 0.00488 0.00475 0.00402
Sum 200 0.00086 0.01711 0.01658 0.01034

39



Table S6.2 (continued)

Design Target Probes Bias Seed SD All Cond. Usable
Concentrated Worker 500 0.00015 0.00492 0.00491 0.00276 1000/1000
Firm 500 0.00006 0.00149 0.00147 0.00047
Covariance 500 0.00011 0.00295 0.00300 0.00253
Sum 500 0.00042 0.01053 0.01052 0.00651
Concentrated Worker 1000 0.00014 0.00350 0.00348 0.00195 1000/1000
Firm 1000 0.00004 0.00103 0.00104 0.00033
Covariance 1000 0.00002 0.00215 0.00213 0.00179
Sum 1000 0.00022 0.00748 0.00745 0.00461

Rust
Balanced Worker 200 -0.00002 0.00398 0.00407 0.00291 1000/1000
Firm 200 0.00004 0.00211 0.00213 0.00131
Covariance 200 0.00011 0.00298 0.00312 0.00309
Sum 200 0.00024 0.00665 0.00694 0.00536
Balanced Worker 1000  0.00003 0.00175 0.00181 0.00129 1000/1000
Firm 1000 0.00005 0.00092 0.00095 0.00058
Covariance 1000 -0.00005 0.00143 0.00138 0.00137
Sum 1000 -0.00002 0.00308 0.00309 0.00238
Concentrated Worker 200 0.00018 0.00773 0.00778 0.00440 1000/1000
Firm 200 -0.00003 0.00230 0.00232 0.00076
Covariance 200 0.00019 0.00460 0.00474 0.00400
Sum 200 0.00053 0.01626 0.01664 0.01036
Concentrated Worker 1000 -0.00007 0.00346 0.00348 0.00195 1000/1000
Firm 1000 -0.00004 0.00104 0.00104 0.00033
Covariance 1000 0.00006 0.00210 0.00213 0.00179
Sum 1000 0.00001 0.00743 0.00746 0.00461

The article’s public Veneto decomposition is also repeated at 200 and 1,000 probes with eight
seeds specified before execution, using the displayed Rust call with the default mean centering. This
is an application sensitivity check; eight runs do not give a precise calibration test. The source-only
Mata example is checked separately at its displayed seed. Numerical MCSE does not quantify the
sampling uncertainty of the decomposition or the numerical uncertainty of the separate projection
covariance.

For firm variance at 200 probes, the square root of the mean estimated numerical variance is
0.0000897, and the eight corrected estimates have a standard deviation of 0.0000883 and range from
0.01014 to 0.01038. At 1,000 probes, the corresponding values are 0.0000388 and 0.0000162, with
estimates from 0.01027 to 0.01032. With only eight runs, the smaller dispersion at 1,000 probes is
imprecisely estimated. All 16 Rust diagnostics and the Mata diagnostic are available. Numerical
variation is therefore small relative to the bias correction of 0.00958 even at 200 probes.

S6.3 Projection experiment

The projection experiment uses an independent dense Python calculation with exact deleted fits.
It has 40 workers (w = 0,...,39), 20 periods (7 = 0,...,19), and 20 firms. The allocation
Jj(w,7) = (w+ |7/2]) mod 20 gives 800 observations in 400 two-observation matches. Firm effects
are projected on an intercept and sin(w/5)+cos(j(w, 7)/3) +7/20, with unit weights and no controls.
The signal has a,, = 0.03w, ©; = 0.03(40 + j) for j = 0,...,18, and ¢19 = 0. Errors are jointly
normal within each match and independent across matches, with within-match correlation 0.45 and
standard deviation 0.4 4+ 0.0002: for observation i = 20w + 7 (zero-based in this design).
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The experiment draws 3,000 outcome replications using seed 20260902 and evaluates the block
covariance formula with exact linear algebra. It measures the statistical behavior of that formula;
comparisons between the Stata command’s Mata and Rust calculations use separate fixed-input
examples. The true covariance of the projection intercept and slope is

0.01042258 —0.00090719
—0.00090719  0.00032228 |

Across 3,000 replications, its mean estimate is

0.01032362  —0.00089505
—0.00089505  0.00031931 /°

The 95 percent slope interval covers in 0.9400 of replications, with Monte Carlo standard error
0.00434. One replication has a nonpositive estimated slope variance and is counted as noncoverage.

A separate fixed-input Stata fixture compares exact literal expansion, exact stored-row aggregation,
and generic Rust/JLA. It crosses observation and match deletion, positive frequencies, joint controls,
eligible stayers, and equivalent normalization shifts. Counter-V1 seeds 20260901-20260908 use
600 and 1,200 probes, batch size 8, and tolerance 1072, The repeated-seed means of covariance
cells, standard errors and endpoints are compared with the exact results using the deterministic
floor 1078 max(1, |al, |b|) plus six empirical numerical MCSEs. Seven 600-probe streams return a
valid projection covariance; the eighth is withheld by the positive-semidefinite check. All eight
1,200-probe streams return valid results. The accepted comparisons pass the numerical criterion and
complete-system residual checks. This fixture is separate from the 3,000-outcome experiment above.

S6.4 A numerical illustration

Consider seven worker—firm observations, indexed by the pairs
(2,2), (1,1), (0,2), (2,1), (1,0), (0,1), (2,0). (S6.3)

Use worker indicators for workers 0,1,2 and firm indicators for firms 0,1, grounding firm 2.
Thus k¥ = 5, n — k = 2, and each observation can be deleted. Set o? = (1,1,1,1,1,1,4)" and
¢=1(0,0,0,—1/2,0). This loading is the slope from projecting the three firm effects on a constant
and the firm indices 0, 1, 2.

For V; = Var(¢'3 | D), the variance estimates use weights (2/5;1¢)2. Here V; = 2/3. The
uncentered and full-mean-centered estimates have exact expectations

2 53
= — 56.4
3’ 84’ ( )

respectively. Their relative biases are 0 and —5.36%. The proposed correction restores expectation
2/3.
For the precision comparison, take independent Gaussian errors with the specified variances and

set
wi =10+ g; — g, g; = 0.5sin(1.3 worker;) + 0.3 cos(1.7 firm;), (S6.5)

where g averages g; over the seven observations. This mean vector lies in the column space of X.
Table S6.3 gives exact Gaussian moments, not simulated point estimates.
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Table S6.3: Estimating a true contrast variance of 2/3

Method Expectation Bias (%) Sampling SD MSE
Uncentered KSS 0.666667 0.00 3.14775  9.90833
Centered 0.630952 —5.36 0.77655 0.60430
Corrected centered 0.666667 0.00 0.88418 0.78178

Centering delivers a large MSE reduction at this outcome location. The unbiased correction
retains most of it, although the biased full-mean version has lower MSE in this case. With the
common level changed from 10 to zero, raw and corrected-full-mean MSEs are instead 0.69543 and
0.78178: the correction does not uniformly dominate the original KSS estimator.

S6.5 Pooled structured component inference

The pooled assessment evaluates the common structured variance calculation on exact Mata and
Rust/JLA, separately for highrank and ql. The design has a 12 x 12 mover grid with unequal
integer mover-unit masses and 36 attached stayers with histories of two, four or eight physical
observations. Stayers receive either 25% or 75% of total target mass. Their errors are independent
across physical observations. Positive quadratic variance functions in within-type leverage rank
differ between movers and stayers and lie in the specified model spans on the exact design. The ql
designs concentrate stayer target mass on one worker. The full geometry, variance functions and
outcome-free checks are registered with the replication files.

The eight backend /reference/mass cells each use 1,000 outcomes and two paired arms: the
observed retained Mean and a fixed population-mean origin. This gives 16,000 calls and 64,000
target attempts. All four highrank targets are primary; worker, firm and total variance are primary
for q1. The ql covariance target is a predeclared diagnostic because its remainder has another
concentrated mode. Every primary interval is available, and the registered descriptive screens pass
(Table S6.4). These are bounded synthetic results, not general coverage qualification.

Table S6.4: Pooled structured inference: primary synthetic designs

Calculation — Reference Stayer mass (%) Availability (%) Coverage range (%)

Exact Mata Highrank 25 100 93.9-95.3
Exact Mata Highrank 75 100 93.3-94.9
Exact Mata ql 25 100 94.8-96.7
Exact Mata gl 75 100 96.0-97.1
Rust/JLA Highrank 25 100 96.0-96.7
Rust/JLA Highrank (0] 100 93.6-95.7
Rust/JLA ql 25 100 94.2-97.0
Rust/JLA ql 75 100 95.8-98.7

Notes: Nominal coverage is 95%. Each row summarizes 1,000 outcomes in the observed-Mean arm. Coverage
ranges span the four highrank primary targets or the three ql primary targets; ql covariance is excluded from the
primary set before outcomes. Availability and coverage use all attempts as the denominator. Rust uses 200 point
probes and 2,048 Gram probes; both backends use 1,000 covariance simulations and the same ql critical-draw floor.
Backend-specific outcome streams make cross-backend coverage comparisons unpaired. No targets are selected after
seeing coverage.
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The screens require at least 95% availability and assess bias, lower coverage, highrank RMS
standard errors and the difference between the paired centering arms. Their broad tolerances include
a 90% coverage floor with Monte Carlo allowances; ql has no upper-coverage penalty. Passing them
does not establish exact nominal size. Across both arms, 32 ql covariance intervals are withheld:
eight in Mata at 25% stayer mass, six in Mata at 75%, and eighteen in Rust at 75%. There are
no failures affecting all targets in a call. The largest primary coverage reduction from estimating
the mean is 0.1 percentage point, and the design-based RMS omitted-mean discrepancy is at most
0.000421 target sampling standard deviations. These small discrepancies concern the registered
designs, not arbitrary samples.

Stress cases and numerical sensitivity. Nine diagnostic cells use 100 paired outcomes each:
1,800 calls and 7,200 target attempts, of which 446 lack intervals. All calls complete, but successful
execution is not a coverage criterion. In the observed-Mean arm, ql null worker and total targets
have 44% availability and 42% all-attempt coverage. A deliberately multiple-mode ql worker
target has 77% availability and 74% coverage. Weak highrank firm and covariance targets have
91% and 90% availability and 86% and 83% coverage, respectively. Under severe variance-model
misspecification, the ql covariance diagnostic has 93% availability and 82% coverage. The complete
inventory also retains short histories, heavy tails, estimated offsets and leverage-model sensitivity.
These diagnostic cells have no primary coverage acceptance threshold.

A separate fixed-outcome grid contains 96 calls with four outcomes, three numerical seeds and four
budget settings. All target intervals are returned. Increasing point probes from 200 to 800 changes
the more affected interval endpoint by a median 2.35% and maximum 23.00% of the baseline interval
width across primary targets. Raising Gram probes from 2,048 to 8,192 gives 1.40% and 9.15%;
raising covariance simulations from 1,000 to 4,000 gives 0.058% and 0.276%. These comparisons
measure sensitivity to individual budgets, not convergence or sampling coverage. Neither seeds nor
budgets were retuned after inspecting these results. All failures, source identities, registrations and
machine-readable summaries accompany the assessment.

S6.6 Observation and mover-only calibration by variance estimator

The experiments below evaluate three distinct variance estimators. Results for one procedure are
not pooled with those for another. We begin with the direct residual-Gram estimator used by the
command, then report the cross-fitted and subtractive alternatives. All unavailable intervals remain
in the stated counts.

Direct residual-Gram estimator. The direct residual-Gram experiment uses 2,048 Gram probes
and 200 point probes. Across eight primary cells and 200 saved outcomes per cell, all 1,600 calls
complete with unchanged point estimates, but three cells fail their prespecified calibration criteria.
A separate exact-Gram calculation on those 600 saved outcomes resolves the match one-mode firm
case and the observation dominant-mode firm case. Their 2,048-probe RMS standard errors are
9.3 and 5.9 percent below their exact-Gram counterparts. For observation deletion with jointly
estimated controls, the difference is about 1.0 percent, and the exact-Gram SD/RMS-SE ratio
remains 1.151. This last comparison concerns joint observation controls, not omitted fixed-offset
uncertainty. Exact Gram calculation is diagnostic only, not a production fallback or an alternative
variance estimator.
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A separate comparison uses 70 fixed saved-outcome replays, including severe misspecification,
null, weak and multiple-mode diagnostics. All 280 target attempts are accounted for: 277 intervals
are computed and three are withheld by target-specific checks, with no shared fitting failures. The
primary replays agree with the saved 2,048-probe calculation, and four observation/match q0/ql
cases agree with the public Stata command. These fixed-outcome comparisons measure agreement
between implementations; they do not estimate coverage.

Cross-fitted variance estimator. Table S6.5 reports primary correct-model results for the
cross-fitted match variance estimator. The two independent confirmation campaigns each use 400
matches, 14 designs, and 2,500 outcome replications per design. The q0 campaign computes 59,996
of 60,000 primary target intervals; the ql campaign computes 44,995 of 45,000. The remaining
designs diagnose misspecification, controls, weak/null signals, multiple modes, and solver behavior.
Their attempts remain in the full inventory of 140,000 per campaign.

The within-match designs vary physical covariance while keeping the scalar aggregate variance in
the specified model. Independent, common-shock, and serial errors thus exercise different dependence
shapes, not different assumptions about cross-match independence. The primary common-model
variance is affine in normalized match-mass rank; the leverage sensitivity design uses its specified
leverage model. These are fixed-offset designs without re-estimated controls. The one-mode designs
have mean leading shares 0.907-0.935 and remainder shares 0.304—0.408 for their eligible targets.
The covariance target has a remainder share around 0.94 and is excluded from the ql coverage
claim. These are averages of the finite-probe ratios in (S5.11), using the numerical denominators
described above. The diagnostics and coverage results do not demonstrate a diffuse remainder along
an asymptotic sequence.

Table S6.5: Cross-fitted variance estimator: primary correct-model designs

Design Returned W F C T MCSE range
Panel A: diffuse designs, ¢ =0 (10,000 attempts per row)

Equal mass, independent 10,000 94.92 94.92 9544 95.00 0.42-0.44
Unequal mass, independent 10,000 94.60 93.88 95.20 94.72 0.43-0.48
Unequal mass, common shock 9,996 94.36 95.04 95.24 94.44 0.43-0.46
Unequal mass, serial 10,000 94.60 94.16 94.84 94.84 0.44-0.47
Equal aggregate variance 10,000 94.48 95.56 94.88 95.92 0.40-0.46
Leverage-model sensitivity 10,000 94.20 95.16 94.52 94.92 0.43-0.47
Panel B: one-mode designs, ¢ =1 (7,500 eligible attempts per row)

Equal mass, independent 7,499 9548 96.40 96.20 0.37-0.42
Unequal mass, independent 7,497  95.20 95.40 —  95.72 0.40-0.43
Unequal mass, common shock 7,500  95.20 95.28 —  95.32 0.42-0.43
Unequal mass, serial 7,499  95.12 94.92 —  95.56 0.41-0.44
Equal aggregate variance 7,500 94.24 95.72 — 95.92 0.40-0.47
Leverage-model sensitivity 7,500  95.76  96.44 — 96.76 0.35-0.40

Notes: Coverage and Monte Carlo SE are in percentage points. W, F', C, and T denote worker variance, firm
variance, their covariance, and total variance. Each target has 2,500 attempts. Returned counts pool the displayed
targets; coverage divides by returned intervals for each target. MCSE is ;3(1 —@ /Nreturned- Dashes mark
covariance targets excluded from ql calibration before the run. These results use the cross-fitted variance estimator,
not the direct residual-moment fitter. All displayed rows meet the prespecified availability, coverage, bias, and
standard-error criteria described below. Counts for diagnostic designs and all failures affecting multiple targets are
reported in the text.
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The correct-model calibration criteria require at least 98 percent availability for each target, abso-
lute coverage error no greater than max(0.03,3 MCSE), empirical-SD /mean-SE ratios in [0.82, 1.18],
and bias within four MCSEs. Passing these tolerances is evidence for the tested designs, not exact 95
percent calibration. Both campaigns use 256 estimator probes, 512 covariance probes, 128 spectrum
probes, and 256 spectral iterations, with fixed outcome-free folds and independent confirmation seeds.
The g1 scientific intervals use an independent deterministic critical-value reference; production
simulated critical values were checked separately. These tests are distinct from the public command’s
larger critical-draw budget.

Across all designs, q0 returns 138,988 intervals and withholds 1,012 target attempts: 256 through
variance-fit positivity failures and 756 through shared covariance failures. The ql campaign returns
119,564 intervals, with 208 target-specific and 20,228 shared failures; 20,000 of the latter are
weak /null diagnostic attempts. Each shared failure counts against all four targets. Severe omitted
variance drivers reduce total coverage to 80.44 percent in the q0 campaign and 84.00 percent in the
gl campaign. Neither successful fits nor the passing primary rows erase these limitations. Exact
seeds, excluded targets, failure inventories, and source identities accompany the machine- readable
replication records.

Estimated controls remain a separate limitation. In a paired 400-match diagnostic with two
controls and 1,000 replications, total-component ql coverage is 95.1 percent with a known offset and
fitted match variances, 75.9 percent with an estimated offset and fitted variances, and 76.1 percent
when the estimated-offset calculation receives the true original match variances. Better fitting those
scalar variances does not recover the covariance induced by estimating controls. This design is not
a prediction of coverage in every application, but it rules out justifying the approximation by the
number of controls alone.

The cross-fitted Rust observation experiment uses joint controls, unit frequencies and movers;
it does not assess the stayer population. An observation-ql confirmation fails one prespecified
standard-error-ratio criterion: 1.101204 against a maximum of 1.10, with 93.52 percent coverage
in that firm-target design. The reported ratio exceeds that criterion. These results concern the
cross-fitted observation procedure used in that experiment.

Subtractive variance estimator. The 512-probe subtractive variance estimator has a separate
assessment. It reuses 400 saved outcomes in each of 28 match cells, comparing the cross-fitted and
subtractive fitters at identical numerical settings: 22,400 calls with 200 point probes and 1,000
covariance probes. All four targets and failed attempts are retained. An additional 160 calls replay
four saved outcomes in each of 20 observation cells under both interfaces; this small slice compares
numerical results without estimating observation coverage. Point estimates agree across fitters, and
the subtractive fitter has no failures affecting all targets.

In the 24 eligible correct-model q0 target rows, subtractive-fitter coverage ranges from 93.00
to 96.75 percent; in the 22 eligible q1 rows, it ranges from 92.50 to 97.25 percent. All intervals
in those rows are available. The empirical-SD /mean-SE ranges are 0.934-1.067 and 0.948-1.057,
respectively. These rows meet both the prespecified lower-coverage requirement and the two-sided
calibration criteria. The outcomes were reused from the experiments that informed the estimator;
this comparison is not an independent confirmation of nominal coverage.

The subtractive fit retains the substantive limits. Severe variance-model misspecification gives
total-component coverage of 81.75 percent for q0 and 88.25 percent for q1. With estimated offsets
in the controls diagnostic, the corresponding rates are 66.25 and 79.00 percent, despite complete
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computational availability. Weak/null designs can still yield unavailable or miscalibrated intervals.
The replication records retain all 22,560 calls and 90,240 target attempts, including exclusions,
diagnostics, and the software identities needed to reproduce them.

For perspective, reaggregating the subtractive fitter’s 400 saved draws in the observation-controls
cell gives firm SD/RMS-SE ratios of 1.150 in the first half, 0.949 in the second, and 1.054 overall.
Corresponding coverage is 92.0, 95.5 and 93.75 percent. These are subtractive-fitter results and do
not supply a 400-draw assessment of the adopted direct implementation. They show why a small
calibration sample should not be treated as a precise population statement; the three prespecified
calibration failures remain.

These results support treating component inference as an experimental, model-based extension.
Compare a few inference seeds chosen in advance and report material sensitivity; more Gram probes
can reduce numerical error, but neither a stable answer nor a preferred seed or ¢ establishes coverage.

Centering convention. The preceding component-inference campaigns used None. Their results
are not a validation of the later Mean default.

S6.7 Numerical sensitivity

The point-estimation probe experiment varies complete-call seeds and compares against exact targets.
The projection fixtures additionally vary probe counts and seeds for a complete covariance matrix,
including the withheld 600-probe run. These checks show why an accepted regression residual and a
small numerical MCSE for the point estimates do not by themselves establish accuracy of every
reported inferential quantity. The current default includes both leverage and target probes for
the four main point estimates; it does not provide numerical MCSEs for projection covariances,
component sampling covariances, or interval endpoints. The experiments below retain their original
source identities and numerical diagnostics.

A separate fixed-data experiment repeats q0 and ql on the public Veneto example and the
61,440-row synthetic dataset from the size ladder. The retained samples contain 12,828 and 30,720
matches, respectively. Veneto has no controls; the synthetic specification retains its two estimated
controls and fixed-offset convention. Outcomes, controls, target definitions, solver tolerances, and
the estimator implementation remain unchanged.

The estimator block crosses five seeds with 200 and 800 point probes, holding the inference seed
and 1,000 covariance probes fixed. The inference block crosses five inference seeds with 1,000 and
4,000 covariance probes, holding the estimator seed and 800 point probes fixed. A shared setting
appears in both blocks for each dataset and q procedure, giving 76 unique calls rather than 80. The
ql critical-draw count is 100,000 or 400,000 per eligible target. The public spectrum budget stays
at 128 probes and iterations. Inference seeds also change the variance-regression folds and spectral
calculations, so this block is not a pure critical-value simulation check. The numerical settings were
specified before execution.

The experiment returns 299 of 304 target intervals in 27.6 minutes, with at most two concurrent
eight-processor Stata/MP calls on the local workstation. Inaccurately recovered spectral modes
withhold one synthetic q0 call and the firm interval in the corresponding ql call; the other three g1
targets remain available. There are no timeouts, memory stops, or missing attempts. All returned
calls retain the same observations within each dataset; where both calls return, q0/ql point estimates
agree.
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Table S6.6: Cross-fitted variance estimator: numerical sensitivity across five seeds

SE range Endpoint range

Data Mode Seed varied Budget (%) (% of width)  Intervals
Veneto g =0 Estimator 200 424 75.3 20/20
Veneto g =0 Estimator 800 21.9 39.0 20/20
Veneto g =0 Inference 1,000 8.1 4.0 20/20
Veneto q =0 Inference 4,000 4.8 2.4 20/20
Veneto g =1 Estimator 200 42.4 49.6 20/20
Veneto q=1 Estimator 800 21.9 20.2 20/20
Veneto q =1 Inference 1,000 8.1 6.3 20/20
Veneto q=1 Inference 4,000 4.8 6.6 20/20
Synthetic ¢ =0 Estimator 200 0.2 2.2 20/20
Synthetic ¢ =0 Estimator 800 0.1 1.1 20/20
Synthetic ¢ =0 Inference 1,000 1.3 0.6 20/20
Synthetic ¢ =0 Inference 4,000 0.4 0.2 16/20
Synthetic ¢ =1 Estimator 200 0.2 2.2 20/20
Synthetic ¢ =1 Estimator 800 0.1 1.1 20/20
Synthetic ¢ =1 Inference 1,000 1.3 0.7 20/20
Synthetic ¢ =1 Inference 4,000 0.4 0.4 19/20

Notes: These results use the cross-fitted variance model, not the direct residual-moment fitter. Budget means
point probes in the estimator block and covariance probes in the inference block. For each target, SE range is the
maximum minus minimum SE divided by its median. Endpoint range is the larger of the lower- and upper-endpoint
ranges divided by median interval width. Each displayed percentage is the maximum across the four targets, not
necessarily the same target in both columns. ql uses its AM endpoints; its SE column describes the accompanying
high-rank SE. Interval counts include four targets at five seeds. Four shared calls appear in both blocks; they are
counted once in the 76-call inventory. These are numerical sensitivity measures, not coverage rates or estimates of
sampling error.
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Veneto is sensitive to estimator randomization (table S6.6). The largest endpoint range across
targets falls from 75.3 to 39.0 percent of interval width for q0 and from 49.6 to 20.2 percent for ql
when point probes increase from 200 to 800. Point-estimate ranges reach 2.14 reported SEs at 200
probes and 1.10 at 800. For the worker—firm covariance, whether the interval excludes zero changes
across estimator seeds for both procedures at 200 probes and for q0 at 800. With the estimator
setting fixed, inference-seed endpoint ranges are smaller: at most 4.0 percent for g0 and 6.6 percent
for ql across the two covariance budgets. Increasing that budget does not uniformly reduce ql
variation.

The synthetic example is more stable. Its largest estimator-seed endpoint range is 2.2 percent at
200 probes and 1.1 percent at 800 for either procedure; inference-seed ranges are below one percent
among returned intervals. This contrast does not establish that larger datasets are easier. It shows
why numerical precision should be checked on the application rather than inferred from a successful
return or a fixed probe count. In particular, the cross-fitted example’s 200-probe intervals illustrate
the workflow but should not be treated as numerically settled empirical results.

For Veneto, an additional experiment repeats the same five estimator seeds at 3,200 and 12,800
point probes, holding the inference seed, 1,000 covariance probes, and all other settings fixed. It
adds 20 calls and reuses the 20 lower-budget Veneto estimator-block calls in table S6.7.

Table S6.7: Cross-fitted variance estimator: Veneto sensitivity by probe count

Estimate range
(SE units) Endpoint range (% of width) Intervals

Point probes q=0 g=1 ¢g=0 g¢g=1
200 2.14  75.3 49.6 20/20 20/20

800 1.10  39.0 20.2  20/20 20/20

3,200 0.49 129 12.8 20/20 20/20

12,800 0.28 7.4 7.4 20/20 20/20

Notes: These results use the cross-fitted variance model. Each range is the maximum across the four targets at
five estimator seeds. Estimate range is divided by the median high-rank SE; endpoint range uses the definition
in table S6.6. ql uses AM endpoints. The 200- and 800-probe rows use the same calls as the sensitivity grid; the
3,200- and 12,800-probe rows extend the probe range. All other settings are held fixed.

All 20 higher-probe calls return all 80 intervals in 33.4 minutes. At 12,800 probes, the largest
endpoint range is 7.4 percent of interval width for either procedure, the largest point-estimate range
is 0.28 high-rank SEs, and the largest relative SE range is 3.9 percent. The largest paired endpoint
change from 3,200 to 12,800 probes is 8.8 percent of higher-budget width for q0 and 7.2 percent
for q1. No target changes zero exclusion across seeds at either higher budget. Nevertheless, all q0
covariance intervals exclude zero whereas all q1 covariance intervals include it: reducing numerical
variation does not make the two references interchangeable. Median command times rise from about
91 seconds at 3,200 probes to about 308 seconds at 12,800, per q procedure. The higher budget
improves precision on this example; it is not a universally sufficient setting.

The higher-budget results are not exact references, and five seeds do not bound the tail of
numerical error. Independent deterministic calculations of the critical value and ellipse image
check these numerical steps separately. These numerical exercises do not test the omitted-offset or
structured- variance assumptions.

48



S6.8 Observation and mover-only Mean diagnostics

The diagnostic uses four fixed outcomes, three numerical seeds (410081, 410089, and 410099), and
four budget settings. All 48 paired tasks, 96 calls, and 384 target rows pass engineering checks;
the outcome-file hashes are identical across numerical settings. The baseline uses 200 point probes,
2,048 Gram probes, and 1,000 covariance simulations. FEach alternative increases only one budget,
respectively to 800, 8,192, or 4,000. For Mean, Table S6.8 reports the largest absolute change across
seeds and targets when increasing point probes. Each difference is divided by that target’s dense
exact-estimator sampling SD, not by its numerical MCSE. The highrank maxima occur for the

Table S6.8: Fixed-data sensitivity to 200 versus 800 point probes

Route and reference Point change / SD Endpoint change / SD

Observation, highrank 0.131 0.151
Match, highrank 1.090 1.150
Observation, ql 0.011 0.333
Match, ql 0.018 0.782

covariance target: seed 410081 for matches and seed 410099 for observations. The ql endpoint
maxima occur for firm variance, at seeds 410089 and 410081, respectively. Raising only the Gram
budget changes an endpoint by at most 0.166 SD; raising only the covariance budget changes one
by at most 0.015 SD. Neither changes the point estimate. These are differences between two finite
budgets, not estimates of absolute approximation error. Four outcomes cannot characterize sampling
coverage or provide a general numerical-error bound. No budget, seed, reference, or acceptance rule
was retuned after seeing these results. The dense moments describe the exact estimator; finite-probe
JLA error is a separate contribution and is material in some of these examples. The companion
numerical-summary. json records the aggregate results.

Numerical identity checks. The signed two-solve identity in section S5.11 accounts for both
the influence solve’s residual and the original fit’s residual under Mean and None. Numerical checks
include injected inconsistencies and pass their registered criteria. This consistency check does not
explain or change the separate sampling assessment’s failures.

Independent derivation check. The companion verify_moments.py uses a product three-node
Gauss—Hermite rule on seven independent Gaussian units (2,187 integration nodes per design). It
imports no production FEVC operators. The rule integrates the relevant polynomials, of degree at
most four, exactly apart from floating-point roundoff. Unit-observation and unequal-mass match
geometries both pass the 10710 absolute tolerance: the largest error is 1.8 x 107, Checks include
the raw-proxy point identity, estimated-mean product, kernel expansion, unchanged population
influence, actual-Mean expectation and covariance, expectation of the frozen-mean covariance
formula, discrepancy second moment, and ql score/recenter/remainder cross covariance. It also
verifies the signed two-solve certificate with deliberately inexact numerical solutions and rejects an
injected recenter error. The receipt is quadrature. json. These tiny generic linear-model examples
establish neither a many-effects regime nor coverage of the feasible smoothing and JLA procedures.
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Outcome-free assessment geometry. The archived check using two simulated outcomes covers
all 12 route/reference/size cells of the new registration: equal worker and firm counts Ny = Np €
{12,20}, observation samples of 432 and 1,201 independent rows, and match samples of 144 and
400 independent aggregates. The companion oracle-summary. json records every target’s exact
Gaussian moments and realized support/spectrum diagnostics. Across highrank primary targets, the
largest squared-eigenvalue share is 0.2143; the ql primary targets have leading shares 0.9140-0.9594
and remainder shares at most 0.1359. Covariance is a predeclared ql diagnostic because another
concentrated mode remains. These finite shares describe the fixtures, not a universal cutoff. The
omitted-mean RMS discrepancy divided by actual target SD is at most 0.00131 for highrank primary
targets and 0.00103 for ql primary targets; for the latter its conditional-remainder-scale ratio is at
most 0.000493. These are analytic outcome-free values, not coverage estimates.

The identified coefficient dimension is k = Ny + N — 1, hence 23 or 39, not the size index 12 or
20 in the original harness filenames. Workers w and firms j are indexed from zero in this design.
Observation cells repeat each worker—firm pair 2 + {(13w + 7j 4+ 1) mod 3} times. Match cells store
two rows per pair, with frequencies 1 + {(w + 2j) mod 3} and 1 + {(2w + j) mod 2}. The complete
pair target mass is 0.85 + {(19w + 115 + 3) mod 31}/100, divided equally among its stored rows; ql
multiplies the mass of pair (0,0) by 1,000. The physical signal is 3 + ., + 15, with

ay = 2sin{0.73(w + 1)} + w/Nw, ;= —1.4cos{1.07(j + 1)}.

Errors in the independent-unit geometry are Gaussian, with variance 0.7 + 0.3r; + 0.157"?, where
r; = (rank(P;;) — 1/2)/n,, uses average ranks for ties and n,, is the number of independent units.
Observation units are physical rows; match units are square-root-mass-scaled aggregates as in
section S5.9. Within a match the primary design replicates its one aggregate shock across physical
copies. This is a particular within-match covariance design, not an assumption of independent
copies.

The DGP variance is a positive quadratic in ranks of ezact leverage, which lies in the ideal leverage
basis. Native fitting uses ranks of JLA-estimated design quantities. The DGP need not lie exactly
in that realized finite-probe basis. Feasible inference therefore includes this covariate-approximation
effect as well as variance-fit, Gram, and covariance simulation error. A claim of exact finite-probe
native specification would be stronger than this design establishes.

S6.9 Observation and mover-only Mean assessment

The registered primary assessment contains 12 cells with 2,000 paired outcome draws per cell: four
exact observation-smoother cells and eight structured Rust observation/mover-match cells. The
complete union has 24,000 paired outcomes, 48,000 command calls, and 192,000 target rows. All
planned command calls and target records are accounted for, including failed calls and unavailable
intervals. No fixture, target classification, threshold, seed, or estimator was retuned after assessment
outcomes. Highrank includes all four targets. The ql primary set is worker variance, firm variance,
and total variance; covariance is a predeclared multimode diagnostic, retained in the output but
outside primary screens.

Exact observation smoother: interval availability. The primary assessment fails 22 registered
arm/target availability screens, all on the exact route: both highrank sizes and the smaller ql
cell. These are scientific screen failures, not malformed runs. Across the exact assessment, 9,419
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command calls fail atomically and 38,090 target rows lack intervals: 19,644 report negative inference
variance, 18,032 report a non-positive-semidefinite inference covariance, and 414 report target status
5. Table S6.9 retains every attempted draw. Mean interval availability is only 11.4% and 18.8%
in the highrank cells and 32.4-35.45% for the smaller q1 primary targets. The larger q1 cell has
98.0-98.15% availability and passes the broad descriptive screens. The fixed-cy arm has the same
broad pattern; this comparison alone does not identify the cause of any failure.

Table S6.9: Exact observation smoother: counts per target out of 2,000 attempts

Reference, Ny Arm Posted points  Posted SEs Intervals
Highrank, 12 Mean 228 228 228
Fixed ¢ 228 228 228
Highrank, 20 Mean 376 376 376
Fixed ¢ 377 377 377
ql, 12 Mean 722 648-709 648-709
Fixed ¢ 722 652-710 652-710
ql, 20 Mean 1,964 1,960-1,963 1,960-1,963
Fixed ¢ 1,964 1,960-1,963 1,960-1,963

Ranges run across the eligible primary targets. Posted SEs are the harness’s finite highrank-SE diagnostic,
including on ql requests; they are not a replacement for ql joint covariance or its curved interval. Target-level
counts, failures, and both coverage denominators are retained in primary-summary. json.

Conditional on an interval, Mean coverage ranges from 96.93-97.37% in highrank Ny = 12,
94.41-95.48% in highrank Ny = 20, 95.83-97.60% in q1 Ny = 12, and 95.36-96.23% in q1 Ny = 20.
Counting unavailable intervals as not covered gives only 11.05-11.10%, 17.75-17.95%, 31.45-34.60%,
and 93.45-94.45%, respectively. Conditional coverage cannot rescue the failed availability screens.
Reported bias and empirical SD also use finite posted points only: atomic failures suppress all
points, so these quantities are conditional on point posting. The ratio of RMS available SE to
posted-point SD is not unconditional calibration.

The dense Gaussian covariance of the three primitive targets is positive definite in all four exact
cells. In highrank, its raw condition numbers are about 1.59 x 10* and 3.81 x 10%, largely reflecting
the small covariance-target scale; the corresponding correlation-matrix condition numbers are only
2.48 and 3.24. The PSD gate operates before adding the redundant total-variance row. Thus neither
the total identity nor a nearly singular standardized population contrast explains the observed
failures. Distinct primitive/polarized local-linear variance fits and finite simulated trace subtraction
are plausible sources of instability, but the recorded failure labels do not establish that mechanism.
No repair or change of acceptance rule was made from these outcomes.

Structured observation and mover-match inference. Every target in the eight native primary
cells posts a point, finite SE, and interval in all 2,000 attempts in each arm. No registered primary
screen fails. Table S6.10 reports the coverage ranges, with conditional and all-attempt denominators
identical. Mean highrank coverage ranges from 93.60-95.85%; ql primary coverage ranges from
95.05-97.15%. The highrank RMS-SE/empirical-SD ratio ranges from 0.989 to 1.040. The ql
covariance diagnostic has Mean coverage of 91.75-94.00%, and remains outside the primary set as
registered. These observations support only the bounded descriptive comparison.
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Table S6.10: Structured observation and mover-match coverage, percent; 2,000 intervals per target

Deletion Reference Ny Mean Fixed cq
Observation Highrank 12 94.90-95.75 94.90-95.80
Observation Highrank 20  95.05-95.85 95.05-95.85
Match Highrank 12 93.60-95.00 93.60-94.95
Match Highrank 20  94.45-95.35 94.45-95.40
Observation ql 12 95.05-96.40 95.05-96.40
Observation ql 20 95.05-97.15 95.05-97.15
Match ql 12 96.25-97.10 96.25-97.10
Match ql 20 95.90-97.15 95.90-97.15

The registered descriptive screens require at least 95% availability; absolute bias no larger than
0.10 oracle SD plus three bias MCSEs; conditional coverage plus three nominal-95% binomial
MCSEs of at least 90%; a highrank RMS-SE /empirical-SD ratio in [0.8,1.2]; and an all-attempt
Mean coverage drop relative to fixed ¢y no larger than 0.02 plus three paired MCSEs. The exact
Gaussian omitted-mean RMS/actual-SD screen is 0.10. There is no upper-coverage penalty for
ql. These broad descriptive checks are not a new public coverage standard. A coverage estimate
near 95% from 2,000 independent draws has binomial MCSE about 0.49 percentage points. Across
eligible primary targets the largest absolute paired Mean-versus-fixed-cy difference in all-attempt
coverage is 0.15 percentage points. Small paired differences and the small analytic omitted-mean
terms do not imply that variance fitting, reference approximation, or numerical error is negligible in
other designs.

S6.10 Observation and mover-only diagnostic cells

The separate diagnostic profile completes 10 cells with 100 paired draws each: 2,000 calls and 8,000
target rows. All calls and target records are accounted for; 2,264 target rows lack intervals. The
raw aggregation label SCREENS_PASS means that no primary scientific screens apply to this profile;
it is not a scientific pass. Exact highrank availability is 14% under the homoskedastic diagnostic
and 28% under weak signal; exact q1 has no available interval under the null. Under concentrated
match mass, native highrank has no covariance interval (status 6), while its other three targets
are available on every draw. In these four diagnostic cells, all 1,600 paired target attempts agree
between Mean and fixed ¢y on availability and return/status/failure codes. This documents a shared
limitation on these draws, not a causal diagnosis.

The remaining diagnostics retain misspecified variance, multimode, non-Gaussian-error, leverage-
basis, and estimated-offset cases. With only 100 draws per cell, they expose examples rather than
establish robust coverage. Their Gaussian dense-moment references have the tg and estimated-offset
qualifications derived above, and finite-probe JLA variation is a separate effect. ql covariance
comparisons use successful intervals only. The companion summaries retain all attempts, both arms,
failures, and the applicable conditioning.

The replication records also retain the two-outcome engineering SCREEN_FAILURE and invalidated
pilot acceptance labels; these are not coverage evidence. Observation-ql calibration and individual-
inference campaign failures retain their status. This assessment does not replace them with a
confirmation claim.
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S7 Computational evidence and reproducibility

S7.1 Timing, memory, and numerical settings

The synthetic and private Veneto comparisons use identical retained inputs within each package
pair. Setup-inclusive time includes package setup and fresh Matlab pool creation after common
import and validation; estimator-only time excludes that setup. Time points are medians of three
measured calls, and time-ratio points are medians of three same-host paired ratios. The packages
run sequentially, with one warm-up per package and rotated execution order. Hardware is fixed
within each pair and thread sweep, but may differ across size cells and sweeps.

The synthetic grids contain 97 distinct configurations and 102 evaluated grid cells. Four configu-
rations are measured separately in the size and thread grids; the near-degree-three 400,000-row,
28-thread measurement appears in both views without double-counting its pairs. The 606 measured
calls and 202 warm-ups give 808 reported synthetic calls. All pass the output checks; the maxi-
mum complete-system fevc residual is 9.9921 x 1076, below the 10~ acceptance limit. Matlab’s
logged PCG residuals are at most 9.5 x 107, These solver-specific diagnostics are not directly
interchangeable accuracy measures. Calls that fail during process launch or pool creation, or exceed
scheduler deadlines or external memory limits, are excluded from timing summaries; the replication
records enumerate all attempts and exclusions.

The memory figures use peak process-tree proportional set size (PSS) over the setup-inclusive
interval: the largest sum of current process PSS across sampling sweeps, rather than a sum of
individual process peaks. Linux smaps_rollup supplies KiB, divided by 22° for GiB. PSS counts
private resident pages fully and apportions shared pages across mappings. It includes loaded data
and application overhead. Summed resident set size (RSS) instead counts each resident mapping in
full. Tables S7.2 and S7.3 report median peak summed RSS across three calls; these measurements
are not converted to PSS.

PSS measurements cover 64 distinct pairs: 54 synthetic match-deletion cells and five thread
counts for each Veneto sample. All pass the output and residual checks. One memory pair per
cell does not supply repetition uncertainty. Three synthetic 400,000-row, 28-thread measurements
appear in both the size and thread panels.

Nominal sampling intervals are 0.05 seconds for synthetic fevc at up to 400,000 observations
and one second otherwise. Calls have at least 11 complete setup-inclusive sweeps; the largest gap
between complete sweeps is 4.00 seconds. Sequential process reads are not atomic and may miss
short-lived peaks. Observer work, external page sharing, page residency, and allocator behavior also
affect the measured footprint. No application swap was observed. PSS is observed memory, not a
forecast, reservation, or exact minimum RAM.

Software versions, source and input hashes, hardware, numerical settings, resource limits, and
per-call outcomes are recorded by experiment in the replication materials. The private Veneto
records contain only aggregate timing, memory, and numerical diagnostics.

S7.2 Synthetic graph classes

Every synthetic worker has distinct firm matches, with one observation per match, and every firm
has degree 100. The degree-five and mixed-degree designs have N/5 workers and N/100 firms;
the degree-four design has N/4 workers. Mixed degrees run from two to eight with mean five,
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approximately equal worker counts at each degree, and balanced integer rounding. The near-
degree-three class has | N/3| workers: N — 3| N/3| workers have degree four and all others degree
three. This negligible adjustment affects one or two workers at each size and preserves exact round
observation counts and firm degree 100.

The segmented and bottleneck designs split firms into two equal markets. Exactly one percent of
workers cross between them; within each worker-degree stratum, paired workers exchange half their
matches, rounded down. The crossing share and firm degrees remain fixed as the sample grows.
The well-mixed designs randomly pair worker and firm slots while preserving degrees and excluding
duplicate worker—firm matches.

S7.3 Agreement between randomized estimates

Table S7.1 summarizes differences between corrected point estimates in all 303 measured pairs of
the six-class benchmark. Each comparison uses the same target and identical input data. The
packages use different random projections and finite-projection adjustments, so these differences do
not measure error relative to exact KSS or establish equal approximation accuracy.

Table S7.1: Numerical differences in the six-class benchmark

Corrected target Median absolute gap Maximum absolute gap

Worker variance 0.000063 0.000501
Firm variance 0.000013 0.000123
Covariance 0.000010 0.000083
Total variance 0.000076 0.000448

Notes: Absolute differences between paired feve and KSS Matlab corrected estimates after multiplying Matlab’s
raw targets by (IV — 1)/N. All 303 measured pairs are included; both packages use 200 probes. Differences are
descriptive, not error relative to exact KSS.

S7.4 Source-only Mata computation

A synthetic computation experiment uses 100, 1,000, 5,000, and 10,000 workers, each with six stored
rows in three matches. It includes integer frequency weights and separate target weights, with no
controls and movers only. Both generic and compressed Mata JLA calculations use 200 probes,
batch size 16, diagonal preconditioning, tolerance 107'°, and at most 20,000 iterations. On an
Apple M2 Ultra with 192 GiB of memory and Stata 18 using four processors, each configuration
has five measured calls after one same-process warmup. Time runs from command invocation to
return. At 60,000 stored rows, the median times are 21.531 seconds for the generic calculation and
17.808 seconds for the compressed calculation. All measured calls complete, and the four corrected
components agree exactly across the two representations within each sample size and repetition.
These results describe source-only computation on this repeated-match design; the do-file and
replication records supply its full construction and settings.

S7.5 Supporting Veneto results

The private benchmarks use two pooled samples with movers and stayers. Both use uniform
physical-row targets and 200 probes. Table S7.2 reports both deletion modes for the 1999/2001
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sample; table S7.3 reports match deletion for the 1996-2001 sample. Sample preparation, deletion
methods, and execution hosts differ, so their comparison does not isolate the effect of panel length.
The comparator is the KSS Matlab package, distinct from the Econometrica replication code.

S7.5.1 1999/2001 sample

The two-period sample contains 1,319,994 adjusted observations, including stayers: 22 more rows
than the published pooled sample of 1,319,972 (Kline et al., 2020, table I). It is not an exact
reconstruction of that sample. Observation deletion follows the main two-period KSS application;
the KSS longer-panel appendix also compares match and worker deletion (Kline et al., 2020, section 9
and appendix A).

Both modes use the adjusted outcome without additional controls. Observation deletion removes
individual rows; match deletion uses the match/stayer-hybrid correction. Each mode runs on one
host at one, four, seven, 14, and 28 threads, with one warm-up and three measured calls per
package and thread count. All 80 reported calls pass the output checks. The maximum absolute
corrected-target gap across 30 measured pairs is 0.000247 after normalization; it does not establish
equal finite-projection precision. Figure S7.1 shows the observation-deletion results separately from
the combined display in the accompanying article.

Table S7.2: 1999/2001 Veneto timing and summed RSS by thread count

Threads FEVC (s) Matlab (s) Speedup Est. ratio FEVC GiB Matlab GiB

Observation deletion

1 172.0 887.2 5.16 0.209 4.07 4.47
4 60.8 349.0 5.68 0.217 3.61 9.98
7 43.9 314.4 7.16 0.216 3.75 15.64
14 30.6 272.2 8.92 0.199 5.29 28.35
28 25.2 232.4 9.11 0.178 8.60 52.53
Match deletion
1 181.5 888.9 4.89 0.211 4.27 4.28
4 69.6 312.6 4.49 0.224 4.18 9.70
7 51.1 214.4 4.13 0.216 3.84 15.18
14 36.8 158.9 4.33 0.195 5.63 27.13
28 31.3 197.7 6.30 0.176 8.80 51.28

Notes: 1,319,994 adjusted observations, including stayers; 200 probes and three measured pairs per row. Times are
separate package medians, including setup and fresh Matlab pool creation. Speedup is the reciprocal of the median
paired fevc-to-Matlab time ratio. The estimator-only ratio excludes setup; values below one favor feve. Memory is
median peak setup-inclusive summed process-tree RSS, not the PSS in the figures. Each deletion mode’s sweep uses
one host; the modes use different hosts. Stata uses min(7,4) processors.
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Figure S7.1: Observation deletion on the 1999/2001 Veneto sample
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and input.
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S7.5.2 1996—2001 sample

The six-year sample contains 5,163,428 adjusted observations, including stayers, and uses the
match/stayer-hybrid correction. Its construction and differences from the specification in KSS
table A.T are described in the accompanying article. The sweep over five thread counts has 40
reported calls, including warm-ups, and 15 measured package pairs; all calls pass the output checks.
The maximum absolute corrected-target gap is 0.005622 after normalization. As in the synthetic
comparison, this describes agreement at the specified settings rather than error relative to exact
KSS.

Table S7.3: 1996-2001 Veneto panel: timing and summed RSS

Threads FEVC (s) Matlab (s) Speedup Est. ratio FEVC GiB Matlab GiB

1 551.9 1585.5 2.88 0.318 7.63 5.61
4 217.9 549.9 2.53 0.324 7.68 11.95
7 163.8 396.8 2.39 0.324 7.81 18.59
14 121.5 321.3 2.65 0.289 11.03 33.10
28 104.5 278.8 2.67 0.264 16.48 61.34

Notes: 5,163,428 adjusted observations, including stayers; 200 probes and three measured pairs per row, all on one
host. Times are separate package medians; speedups and estimator ratios use paired times. The match/stayer-hybrid
specification differs from an exact Table A.I replication. Memory is sampled peak setup-inclusive summed RSS,
not the PSS in the figures; shared pages can be counted repeatedly and brief peaks missed. Stata uses min(7,4)
processors, native fevc 7' threads and Matlab T single-threaded workers.

Pooled component calculation. Structured match inference operates on the number of retained
mover units plus physical stayer observations. Rust applies its covariance and spectral operators
through sparse solves; exact Mata contracts the variance-model Gram in coefficient space. Both
require additional covariance simulations beyond point estimation. Their numerical budgets are
distinct from the point-probe budget. The public pooled illustration in Section S5.14 records
complete command settings and outcomes; it is not a timing or memory benchmark.

S7.6 Local match-inference size ladder

The direct residual-Gram timing experiment uses fixed datasets with 7,680, 30,720, and 122,880
matches, with two physical observations in each. No outcomes are regenerated. Workers have
three distinct firm matches; the long-range degree-three topology has 40 worker layers per firm.
Independent normal worker and firm effects have standard deviations 1 and 0.6. Two independent
normal controls enter with coefficients 0.5 and —0.3. Errors combine an independent match shock
of variance one and row noise of variance 0.25, giving within-match correlation 0.8. Regression and
target masses are uniform. The controls are estimated, then held fixed: this is a computational test
of the approximation, not a test that omitted nuisance uncertainty is negligible.

Point-only, high-rank, and gl calls use Rust, Counter-V1, generic JLA, CMG, 200 probes, batch
16, seed 8675309, solver tolerance 10710, a maximum of 10,000 iterations, and a 16 GiB direct-
allocation budget, enforced by the strict-budget policy (memorycheck(error)). Inference uses
structured_common with the common residual-moment fitter, 2,048 direct residual Gram probes,
1,000 covariance probes, and 128 spectrum probes. The spectral iteration budgets are 512 for q0
and 128 for q1. A ql target uses 100,000 critical-value draws; the inference seed is 8675309. Dataset
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seed 20260905 is addressed by size. Each fixed dataset is reused for three timing repetitions, with
call order rotated across sizes and repetitions. Stata/MP 19 runs in fresh processes with eight active
processors on macOS ARM64 and an Apple M2 Ultra.

The 27-call experiment completes in 38.23 minutes. All calls finish within the 600-second process
limit; none reaches the 24 GiB measured process-tree stop. Of 72 target-interval attempts, 69 return
intervals. The three withheld intervals are the ql covariance target at the smallest size. These are
timing repetitions on fixed outcomes, not coverage replications.

A separate 36-call experiment uses the cross-fitted variance estimator. With that fitter and
128 spectral iterations for g0, three smallest-size q0 calls failed to recover the spectral modes
to the required tolerance, and six inference calls at 983,040 observations timed out. The direct
residual-Gram experiment does not include the million-observation size. Both experiments retain
their failures and preselected settings.

Table S7.4: Runtime and interval availability in the local match-inference experiment

Rows Matches Call Complete Seconds GiB Timeouts Intervals

15,360 7,680 Point 3/3 0.62 0.21 0 —
15,360 7,680 q=0 3/3 6.43  0.22 0 12/12
15,360 7,680 q=1 3/3 427 0.22 0 9/12
61,440 30,720 Point 3/3 3.76  0.32 0 —
61,440 30,720 q=0 3/3 67.36 0.34 0 12/12
61,440 30,720 q=1 3/3 37.62  0.35 0 12/12
245,760 122,880 Point 3/3 20.54 0.95 0 —
245,760 122,880 q=0 3/3  397.33 1.05 0 12/12
245,760 122,880 q=1 3/3 21633 1.06 0 12/12

Notes: Complete counts successful command returns; interval availability counts returned intervals out of four
targets per planned call. Time and GiB entries are medians among completed calls only. Missing timing entries are
not zero. Command time excludes process startup and import; the ten-minute timeout applies to the whole process.
RSS is absolute process-tree memory sampled every 0.1 seconds during the command, without baseline subtraction.
It differs from the direct allocation budget. Failed and timed-out calls remain in the counts.

Returned calls retain the same observations and point estimates across inference settings, satisfy
the adding-up identities, and meet the solver residual tolerances. Per-call results include covariance,
spectral, and variance-model diagnostics and account for every attempted interval. Because
outcomes are fixed, interval availability in this experiment describes computation rather than
sampling coverage.

S7.7 Reproducing documents and locating evidence

The replication repository separates document builds, reconstruction from saved receipts and
estimator execution. From its root, make paper compiles the supplement first and then the article;
make supplement builds the standalone supplement; make combined concatenates their PDFs
without renumbering. make check verifies active evidence bindings, displayed arithmetic and
document /tooling contracts using existing data. It does not rerun estimators. LaTeX/latexmk and
Poppler are required for documents; Python packages are pinned in requirements/dev.txt. The
combined-copy helper also requires pypdf; set FEVC_PDF_PYTHON to a Python installation providing
it. Delivered files are under output/pdf/.

replication/publication_manifest. json lists active source, exhibit, generator and evidence
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hashes. SOURCE_PROVENANCE.md maps experiment families to their source identities; raw receipts
are under replication/results/raw/, and protocols under replication/experiments/ and
replication/benchmarks/. The October 9 public Mean example is public_mean_20261009 at
source 13a98492; September 30 numerical-MCSE evidence uses £9d3f2e2; the performance archive
uses snapshot b14496bc. The Mean-inference assessment is bound to b9£80ce9, with its source-
specific compatibility record. None of these identities is replaced by the documentation pin.

Reconstruct a historical result only with its recorded source, inputs, retained sample, seed,
numerical budgets and environment. Each protocol identifies any required public download or
licensed runtime. Restricted Veneto microdata and licensed third-party code are not distributed;
their authorized evidence consists of aggregate receipts. The preserved comparator manifest and
archive index give the exact source boundaries. Missing external dependencies remain explicit,
rather than being replaced by a later source version.

S8 Implementation comparisons

The KSS Matlab package, VarianceComponentsHDFE. j1, LeaveOutKSS, and PyTwoWay provide
related estimators (Saggio, 2024; High Dimensional Economics Lab, 2024; Moghani, 2026; Lamadon
and Oppenheimer, 2022). Table S8.1 summarizes their main interfaces. Comparisons require
matching retained observations, target weights, deletion blocks, the treatment of controls, and
outcome centering. Identical variable names or raw inputs alone do not ensure that two outputs
estimate the same quantity.

Table S8.1: Main-interface choices in KSS implementations

Interface Deletion Controls Weights/targets Additional inference
fevc Observation or declared Joint or fixed offset Frequency and separate Worker /firm projections;
match target weights experimental
components
KSS Matlab Observation or Fixed offset Observation mass Firm projections
pair-defined match
Julia Observation or Fixed offset No separate Firm linear
pair-defined match frequency/target combinations
arguments
R Observation or Fixed offset No separate Firm projections
pair-defined match frequency/target
arguments
Python Observation HE path In model design Observation weights; Selected coefficients
with package cleaning programmable targets

fevc permits declared deletion blocks nested within the estimation pair and separates integer
regression frequencies from target mass. Its default joint-control calculation re-estimates the
control coefficients after deletion, following the general KSS linear model. The principal Matlab,
Julia, and R workflows instead partial controls out once. The additional KSS Matlab routine
leave_out_COMPLETE.m supports joint controls for observation deletion and uses fixed offsets for
match deletion.

The main Matlab routine centers the working outcome after transforming match averages by the
square roots of match sizes. fevc instead uses the mean over retained physical observations. Thus
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the default centering(mean) does not imply identical centering for unequal match sizes.

The KSS Matlab main interface provides firm-effect projection inference but does not expose
variance-component inference; additional routines remain in the package. fevc’s component
procedures are experimental and use the additional assumptions in section S5. The Econometrica
replication code is a separate KSS implementation and is identified as such in the replication
documentation.

The comparison describes the archived source snapshots in the publication manifest and com-
parator audit, not an assertion about current upstream heads. The KSS Econometrica archive,
maintained Matlab main routine and additional Matlab routines are separate comparison objects.
Differences in numerical adjustments must be distinguished from differences in statistical targets.

Pinned semantic comparison. The comparator inventory records KSS Matlab LeaveOutTwoWay
commit 8b957ffe (October 17, 2024); Julia VarianceComponentsHDFE. j1 version 0.1.0 at fa3d66ea;
R LeaveOutKSS version 0.1.0, archive SHA-256 beginning £70360b6; and Python PyTwoWay version
0.3.21 at 7208bda3. Full hashes are in replication/manifests/comparators. json. Julia, R and
Python entries are source/interface audits, not executed performance comparisons. The current
FEVC row is updated to the documentation pin while historical experiment rows retain their original
versions. A short commit prefix identifies the full hash in that inventory; it does not establish
behavior of a later release.
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